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ON SOME ASPECTS OF SUMlVIABILITy AND ITS APPLICATION 
F R £ y A C K 
m « prMwiit ^amis on m m A i ^ o t s « f 
HaoBAbiUtir aaA ApiAioatioii **« is Hat* ontoom of i r 
r e M r o b M ttwt X l>t«ii jpttrindiig t&e last tlsrtt 
jr«ar»9 usA^T m oopwcnaiofi of I3r, 
I^ oniSar^  mp&r^n% of aatki««atl/o«» 
m w s i H r , iaiiarti* 
I t hao iNKiii w pflirlloi^ to bnvo s^ooapllilk aor 
roooaroboo aoAer %tso ablo ooporvloloii of ^^ tr, Ah«id 
«bo tea aada mlaal>la eontribationa i n tiia Utaorjr of AbeoXota 
a w e a M U V * I liava ffraat ji^aaaara i n taldflii IHia 
of a«laioalodcl«i aor daop aaaaa of w^tltwAm aad bigti iadtbtad-
HMO ar« f ^ tJla iaaiMbrii^ pldanoot oooolaAt hMlp 
aai M M r a v i M i i l Haroa^oat to oom^ota «hia ltiaala« 
ttNi SMWla ooaalata of aigbt obaptara iwladiiic CUmpim 
iaro ablflli ooaoaraa aota oti ao«a mnemnH^m aaad in 
«ba tooajr of tte « i « « l a , Zfi OMN t^ar Z, l>aai«aa aoaa flMrldiar 
aoftatlona ana dofiaitlonot vo terlaf vaaaMa of aera 
( i i ) 
iaiportaiil r^ffttlta tiav» iBtwoonMollotMi « l t l i o«r 
i m t t i i t f i t i m . Qmfft«r 12 ooa%iiJMi a tla«i»r«w on llt»p,||«* 
BwmMliW tftotore of i a f i i i l H mnrite tlarM ti«or«Mi 
on pomm matUti aoA J ^ r i a r aoriOB» iibioti art olilKhiatd a 
oooM^etnot ot {!k9i>lio«»tioa« of tbt f i ret 
atmptm i n dml» asadr of a^olii^t 
O0iif»viine« fikot«ro, nhiit XT UDDOvrtm witb. o»r%a&tt 
r t M l t s on tstotoaem of loflnltc « « r i « s « 
camytwr V i» to ^ al)soltit# mtriat e « m b l l i « y 
fftOtor« of a Wourlm ooritff, Obafter fX eontalm mfUlBVMtw 
mtibarlafi tbaoiwiiB t m fiT^pg^l^^mmMhUi^, VZItb 
lb* liftvft a»ail0 vitb of 
« f mm iMTivoA oorits « f a i w l o r oorios* lontirdo Hio onl 
«• g i m m ooaprolkoMvo UUIOfrailijr of w r i o u t smblloatteoi 
liftvo iMMHi tmimmA U im nm ppmmat 
2t oar tM muHmsmd hmr^ m^t torn portion of Iho « l M i o » 
ill mm iotm of ifoooarob payffrot Iao ^ a a oowMmioaftad l\ir 
piM-oatiaa ia meimtB ialivaatiooal mnwaRiioal ^atfcaalo. 
Z talK ^ a to oxtoai i r oi«ooro tlMUBlio to 
( m ) 
friooivttt naft mm$imm% of miM^ m t m i w i U m $ 
Sh&mlf f«r gmsMlng m turn a^^ Imm^ aoA lo 
ttm tmiwvitgr (kpantt 0»«al»eloB for mmsriLiag 
mtOm' tn^ BMtiiltsr ^reisranntt t « 
pro«Miit« i r W k * a% of 
AU^urU Migilla M ^ s m t Aiiffurti* 
X ats ftloo t l^ lcf^ l to aiadt of Sbthve^tios* 
Aliigarb tTn iwr^ i^f AtXms^h^ for proviaiiig a« nmMnmtj 
Qsaimr f a o U i t i « o , 
i n fljMt I mM « l « o UtE* to •xteM w grasitna* to m 
Moneui At jaiparii for itioir holp moA ooosMr&lioa* 
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7 wmx msmiLX2t lActom 
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mtM 01 mwmwnom 
llifr« A f « « iM»iiv«a%i«»iff uliiofei nst wgliftaiMi 
la «»ll«wittg utMiptwrtt, 
0,1 stmmim caimmfici® j 
mt%%%m t l a l t s , naoiillar i: » « r 
I i f « tmm tff rmm i « mt d&fimA, 
£ Cl^  i s em « f mm mtixmA^ 
o,t mmuuh Qm;¥fmpmB j 
f m nm t » 4itfia«a Iqt tti* ia«ftti«gr : 
4 * ( « > - 4 L ) . 
0,5 mmtAm : 
( • ) 
•f w l a H t Iwt i t not m^mmrtif 
mm meik mmmmm* 
t tAm ttMi & iyi^l ftr wk •OiiittrmtivvS 
G*4 SflSBOIJ f» AK» At ; 
f » At ana At «rft to i9mlMiU«« tti« iwrA fr^aitiir* 
Attft tli« ^iitelmtiUr OsstermUvc* miA U l w e l v ^ l y 
r t p t U r * m p ^ o t i i n a r . 
0.5 iOtAflf)» 0 AHA • : 
I f 8 li» a ftuielioA of • wHiflb ttsdli 
m g l w tliBitv « • iHaii v r i t o 
f i f • 
f « e ( f > . I f | f | < I * , 
Xa 
f • 0(1) »«MMI llMf f ^ O t 
f • 0(1) wmm Wmt f imuMiNl* 
( f ) 
e«« 9tiB0L8 c » c r J 
<!&••» « v » witMts ftt M m m i ^ ( « r nbvelatt 
f •»« «ri%« P^O* ir Q^p ftip 
•P iM9Ui»B Q^ m lBoltt««4 iJi P* iMftA ^ t wwmtf 
••^tttm i i i m i a t W P ailte mmmVf tor 
Xf f c Q aiiA 0 c ?t tli« two «ttli»€« F and d mtm sali 
t« bf «q|ttiml«iil «• « r i t t !> ^  
I f fc^ oad t l i m •xltt* A ifliiflli Mtiimia* 
§ liBt aot inmali^* P» m wpIH F O 
Q«7 fXSlfB l»lf?iaBiOis : 
Vw ftlir 8ft(31l«»0« { ^ s ] * ** 
a ( A t , ) • A (fj^ • 
( 4 ) 
0.8 c K m x m mtOL^wmz m^ismm % 
mm m^^mm [ ! ^ ^ ^ ^ ^ <H»ffPii£ I f i 
ft * %t9** C Xt( m wax Wmm tet i f [ t ^ j 
ftBA ooivftXf tiita 
t a l T A f a « 
r (IH'I) < • • 
13Pl " 
A mm^mm ( f u j i n to )mi ( 
I f 
(jn^i) I I < - . 
I t I* olwiv frofli Hit vMii lt Huit «fwrir tetmAtd 
o»iiv«i tfmmh»mmmt» ooimorM 
m A Mil iMi Otaitmvjr t i Ibr o»»Pi]i 
tm^mm m mUt i^Bi'^mwrn [f^j mM mt te 
4*or«»«lAi» trnmrnt^ of li»ttaft«4 ittrlatloft 
i t mU&ti%9 lb* o»Miti«ii9 
{ 5 ) 
wamm n x x A f i o i : 
l i t t inM wrjftiMLoftt Uta^ % i t r 
f of 
Msk iM tim mm mm 
« I 
'Sit * ^ U ^ l U ^  mm tet 
s I A t a t i t . 
W t «• MNM Ihftt f<x) » Iliiii^ Lfla ttf 
w I a U o i i iM m $M%mimX (t»l)» in 
— k 
I 
« i i 
f ( « > I dK 4 E , 
ir t wm (ttDs «irii ^ • < « < i, •• 
• i i ^ ^ ' * 
C f ) 
x x t i t f t A i . Mf m% t 
i ^ t fgtm- tlitflit ftU mMi&m mm mmm%iitm tf 
I wilt tm n ^ M r t i U Waa^m^out Wm m l o f tsw 
wiltetti i f i e i f l o atntloiit stftltA^ 
tamptm X 
xsmoocofioii 
Vim Hm mps^ matawm of OAfraHrs j^mijrM 
In [iSj)! icmt*n en blmiM. 
i n (S«« § ] )« tl i0 i M imt^ m t i o s oonvir* 
odC liifiiiltt MrlAn ims ^ t on ioniiA fiHiii&itloii* Smi 
oottstpt of ooflRrtriSiJQQ* i i ^ a W OmmI^  tlio 
l iaf io l to msrii i i into 1»o olAOosSf ii^Ob Itai^ 
a f i a i t t t ( «M Qoiftt i } mm in t l i io msm m& ^ o o tet 
I ^ U to tmum* ^ t tboro ^mmiMk to ^rooiftolr iq^dwnSod 
tito diatiODtioa diWfixit i ^ ioa oorios 
f iai lo l r o«oiXU1io«3r parlla.! mm» turn oM of 
tho toot ooBltify tHo OUooiool oono^ of ooi«rMr9»aoo «oo 
gOMfOliooA •» oo to irins in tiM svttIov of a ooottA 
mttiMotieo]. iatarprotation o largo w l o ^ of d iwig io i 
oarloo of tbo otooM kiodi, mio «ofliraii«o4 oonoitt otiieli 
io mtooft oo SwMoUUtr* t t i ^ U i o t l o a of Hio aatioo 
• Mr iitforwutioii oliottt aosMilini^ oaA ito oyoUoot 
r o f o r m w bo •ikiOtO.s.i to rasj^HtfUJf j l o j f i m p I 
n i l (Wa i^iwaBw j M i f m siu^ 
d z m ^ P J ^ a o i o o gioj.aiEai ooft asidSiia {lo7]tinrw»E> ^ 
( « ) 
of OrimNt oooiwriiMiM l a nm mum i^t ^ p a v t M M 
to ^ r«9lACNid W t i t i M l t traiiafdrtt o f i t U i « 
tmUSLn i r o M T i M mmmt^ wwt ttn^ p$»tmmU$ vmfftikm 
t tmt I t a t0 m«orjr of m m U U W % «r«ditt 
eoiasr* Oitf^o* mmmm$ amoaorfft 
«ifid (Of« i i a i ^ g o j ) . 
jfieit AO tho oociooyt of ooimrijioiioo r l so to that 
of o o m U l i l r t Ataof iM m&^ e roeect ti»oo« ootioa 
o f s))90litft« o m m m m * loA to ttio fc^oniAtioii of« «ii»it 
i » oallod, the »«mooKy o f Al»iol«to toaa&lilUtr 
mo iroaoiKt ^ooio oovors aotlkiro infootl^atioiio 
ooiiodraii^ »aoat oii^ooto o f onwoHl i t i r ^ i t « oppUoit loa*. 
^roooAtJjii o vombm of fturliop roooaroboo 
tiM U#ft of ibicli wrloiio Dio ro»iilto Imm %oott oMoiflnNI 
1«r tlio ootMNFf I t iooMi ^oolmtilo to lioro owftoin 
f o o d o M M oowoftof ^o f imt iono nit«ktiofio nHXX 
IMI »0<pll0« ill tlM 00<|«0l« 
^ Vigr i«r«PMitioa obvot Atooloto S o r a H l i V ^ o M ito Asoli!: 
MMmSR onA SBZiLSt 
( 9 ) 
i . a , ^m o f tii« mmt Huiiuiur g»ii>o«it o f • t t M ^ m t y 
aad oboolttto ittfltrnMUIsr wittx whioh lisitU ^ ooaoenitA 
i n t i l t i o ^ t l tliofM of A M f Uprlooft oto« XI 
wnnf^ hmtmtf Im waliioiiKd tet A U tt^ ooo swfliodo ma tm 
doriwai firots t t» Vm tvioio g tmra i a i r t l ^ (cf» {4o3»p#42)t 
( i ) f*«ilt iod» « 
( i i ) uto 
4 iNwtlloA ttiieti o f m ooquoaoo 
a t m i l t o j ntniift* [t||} • aofiaoA W 80^iitiui0«40«i0(|i»ia00 
t raaofortnt loi i : 
m ^ M m ^ •Imsmmm of ttio m ^ row aoA ooIomi of Iftio 
i»%rl3i f m oaA i ^ t tUt p o r t M wot o f ft 
fifOA I j t f i a l i o oorloo 1 
Qtiisr loryoo o f troaaf cra&tloao oadttr t^do cektmgmr ^ ^ 
tl io oo^flooHNHOoriio traAsforaatioOt tho o«riA9«<to«o«7ioo 
( 10 ) 
tTADiformtioiii and Hm tenwfGrmtiQo^ 
A it ^ t t d up»n ttM forofttloii of fteitttiomX 
traiiiformtloa* t ( s ) « OftfiiMid ^ M^iiitaot^to-dCtimtion tstmm'^ 
tosmtim t 
iiaa) «<« ) t p^z) , 
UTf tgr traneforMttion t 
C I . 2 3 ) tCK) • / ®<3r) ar» 
«fl3L«rii X ift ft oi^iitiMiis psetim^ tiit fttaotloa f^ nC^ e) 
C«r ^(Xiy')) in eUifiJiiA ttvwr a mitemm iiit«rvali #f x 
(or of X ABd f )• Sinllsarljrt w imm oat xforo t t m / e ^ m U o A 
uaim mu m titit m% ooawntdU 
Sm str i ta z « r Hi* MqtwAOt » Is oaiA to bo 
OttaMblo «o ft f inlto mmhmfB^ lur * ^NMtbod* or m ^HMtlioi, 
ftooordlxi AO tlio oo^hqo [ ^ n l t tho flUBotioa t ( x ) f 
tonOo to ftft a tftafllo to i t t t i n i ^ t or ft* x toMo to fttt 
( n > 
i i ^ s r i A ^ liMiMt i ^ f t O i ^ ttioi^ ^ »tliied« Hmt iiit 
« OP t ( «> » ft. 
ftm mmimB £ i ^ t ttm^mtm • Is t » 
lit ftlwoiitlftljf I r * f ^ i ^ i f fljU^ m m l i i t ff 
M e Bft AM i t I t M i t iw s n m r n t t Z 
i t « y i t fttt 
iRWiftMailr m mssmUXi^ 
HI* mttim&f o M n t t i utm%mm Hmt* 
i s mjUl @ Blt^f U* Py ^ ® M i t A U t 
m m m O , %t m t m u m of &&mUmm» m$ « n l f«v 
mmmrnrn ^ 1 ^ ^ t B i ^ ^ t f >« 
lb* mm m f^f* 
13* A mWm€ ttf n H M M l i l y t 1* l ( or ak). I f Hm 
mmrmmtm im H w m M w l * t i » i i ) of Hi* 
(of tb« f i r l lAl . •«»• of ftiiMtt wmim z imlt— 
• W M i m i ^ F ( « r |Ft> of £ ftyi I n taisli oom* iinl t 
t (ov At ) i I f F l » i ( tir AX) M i Alto s r t t t r f i t tiMt of 
( n ) 
oomv^nt I t t^ wm^rt [69J 
o w jyc without 
mmmmxy ttnft ii»ffieii<iiit oon^itioiit tliat; m tutr ix 
atthod tm m, mm f i rat obftaintc^ i^ y m gJSQ i n l$37f 
Ana fonotioml AmTi^tio proof of mm 
giwo later on t^ y and &OI and ^nmoii l 
mmnmsasf mad mtfiis%»n% oooditiotis for tbt 
fotwatloa a . 2 a ) to as» (Of* t 
iU%l) 
( i) lim • Cfe • 
u ®® 
(11) ISa • & • 
)tt ^ «• ie«o 
kpo ' 
la pi^iotilav i f f \ " 09 for onOh k t 6 « I t thou 
(1*3 «1) tliA fi»o#oi£W isaffioloat oonditiont for 
tiMi tfttiisrIiDfQatloa totm t . 
? Oommln]! oofiditioa« Kur l^ootionAt tfttoefofiiotioat 
rofofftiwo aftdi to t i ^ m x . 
( 22 ) 
momm^ mA ms^tioimt t&r iNi mum^ 
t m m t i » a ( t M ) to Iw (tiiMis g s ] ) $ 
' ( i ) i: ^fiwiiriiwit fm mdk a, 
im 
im^iMi ma&Ujoim of lltttts Ci) nat ( i i ) 
jpartloelifri mm- 4ft I f 
% « 0, 6 • i Ci • m Ci) m ) * 
Bimiierl^f ^ mmmamf a M iw^f&diiHe^ iioaiitlttQii 
^f^mrni^mwkmm ( i M S t ) mm to t (or At) 
Aliio loKvii (or* i t j « t&m g ] » (?]• 
MBi j f t j 
I f f fos* ikiir MtHodo i im&blii l ir ( i r slMi^iito 
mmmWJL^}$ ^ maA q^ m tstm P ^ Q t bat Q ^ tmn ttio 
followiflf |pootloa» mm tot »ilot4 : 
( » } MLd i t too ftffoi^o le ooMi mmm to vootriot tut 
orawr of ttisaltiiat of tUm ^ r m of Hbm otrioo z o^^ t 
tliat, for i t Q ^ f (onft i n offoot ) 7 
Cb) nimld ^ t r o fio<|Bmoot [ t n j oooli llli^t i: tj^g^ 
m r t>o ouBiaoiao ? f^oarar e io oanaiia* Q t 
Sbo vottiat oaoMTiog tl^o qnootion (» )# ia o f f l i m t l v o 
i o •Ikmbirloan ii of tteo typo : F ^ Q , or i^cnQ 
10 o ^ t o t ISm roonlt onootrloK tho qiiootitm Ct>) 
io %lio lU^imititi is c&lltd ^^msmtiiuty fsiol^^t^^foii* 
{mf ilttolttto tmm'niii^ tsiGW and tito oo^iuso 
ie t i m c&Uftit (or A^olato ^owftUUI^r) 
2ft tHo fironontt m irofoao to inrootiialio M 
iroUtao ooao«piiing tlio n ^ i t o of tiio ^po wmtionNl oboirof 
oaA oUo o M r ^ oysflloiitioMi of mm mm^B of o o m H U I t 
to foiMT oiTioo* ItooriMT oorloa ana i « o dorivod m/eim^ 
^ l iS StBalAL JfiSmoSQ 0? S M A H U f I , 
afooio^ |f i ^ t h o i f . 
Zo •yooii^l ooooot tlio troooll^a t ^ of 
< 15 ) 
to ; 
(ft) i^f « > : y^n 
0 • k > & t 
( o f . 
1 
• s » t 
k > £i I 
C ^ i l ' o > , ( o f . g o j t p . ) 
•aoli 
• i4 » « I , fWP Ofti^ li n « 
(o) t j : mm 
, k > tt I 
< U ) 
iiiMr« j 10 m M i^stisa* of vml ^ Qo«9i|«i» 
•I • ij^ t i ^ w f i r • f « r oaoli a • . 
% • ( W ' D ' ^ i Fj j^lojg n, «!i«ii i^lujaS wmn 
T*avistm to (SfCa^l)"^)* or t t » ( ^ J ^ i w o Rleo 
Bo ] ) . 
ft 
0 » k < a. 
i iNr* Mid t«o tix«a snob iM 
• t •bin p^mU t«t mil n tM 
«li«A ^ • 1* fbral l a o» (Qf.BmiBXIi g5j)« 
< I t ) 
iilMivi tBmxui£mm%iom ar« jm^totivttljr 
Mitbod of or^ a(e > mhmU^ rnxmtm mimmti^ 
mmm wMiodt ablate melvM mxA gummOlw^ 
mtMkf mS, AwUA Hgr t |Oia(» [ I » % t f IB*]^^! 
ftflA aoA dorrespondiiii! iadimc 
Uftljr* I t U tet [OfOt In iaai lui AteolnlMi 
Sn Vtm omm in i^efti 
#ii(«) • p / y ( s % » i « < I , Of"® 
traiiMBm of r^awm m 1ti« (OTfi^ i^  )«* 
wmmtm^ M i m d % : 
- (£ ^ t , 
> © (a ^ £ • •• • ftisa th» M r l « « £ »|| 
ham rad iM i i o a m f l i m I t ( g^l* ••• 
HMttt IIM MHioelftM 1^ 1 naA f^  art I r : 
( m ) 
warn mm aM Itor li > U wad 
antisiai^ i f lAi^Mii i t (of« mmm g s j ) . 
In ttm oat^s isx uliioti 
U ) p||* 4 <« > (flS^^HS g g j ) , 
a\i M g o j . f ^ 8i>, 
m rn^mm M K f f t J . i m s g j ] ) , 
A m [l^li^ p O > , ( i ^ m i ^ I C ] } * ni«)3o4» 
[ii^U 1*11 In Alwl Mttkod* (Ji)» m a M 
(of^goDt g t i ) . 
ttA iMTtiMt iaitioii of ftajr ifAoi^t M t i ^ of 
«%tci|(ilN» m a m U U ^ m n of fOta i^mmmUUtf^ Alttom^ 
i t ma 1«r IMETB ((s^^t ImJ) ^ wii-mcbiUto 
iiito«r«X «r4ir« i t wis otttdlod tgr KDOOmiAlitS 
( i M ) : •natf p > « > ; 
( 19 ) 
(xsws) : fo»a| ^ lot^lf ^ < « t 
: [OtPit p > « • 
r m i l ( I M ) tiGi« t»t«a o^taiatA Dar « t tmrte m«Iio4 tv 
HOEW ana i « a i m « pirtiiMiliur mm of a of 
ommmmf jigl]. 
ta m ^ A (ff^i^) iB fmsA Atf Caaa ihJ-'Vit { iojt 
aM SFSIOIJCHX T&ml-^ t 
o t m c m ^ {Toirtd vaint i 
C8IWI) ; I f > V l ^ v 
«fhll« wmmxmm ^orad an aiaaant l iwltntlaa tbaoran: 
liiaaiiMr s a^ I* mmmyk% Itf^ni* 
i i r l a a i iaMaHl i l i r in i « t m t t i A fars ana laiflradMaA 
m v m ftt] itt 1919. A dafiaiUoo aalMitentlallr tba aaaa 
aa tliat af Barlanl aaa glfaii lamoNOI g o ^ i a ma ipraaaaAiiiga 
af Iba alavaaHli oaflfraaa af RoMlaJi mturaiist ana aoiantietet 
I>a1mrtt1wrf*1902| ( l a Rwi«laa)« I t nna vai»laa« 
aaMHatA t i U Umi f Iv i^ Sntfliib traaiaatlaa af Hiia asrk 
C SH) ) 
mmmi wwrnsx^kM #f 3 
mm in %$3Z («•• mmmot |oC|}* XQ M « 
Q«eW<i Q W m m m jfoj 
mum d«tifiltijloa« ^iiiiw iM$p^B0mnnf of vnrlai of abromi 
anA ^ t m o A , Bo i i ^ mm'^i^ mtmMim fi^ iMo 
attsod : 
ilio f x i e i i t t ^ r , ^ imfflnioiil oonditioiia for 
tlio CSt%) U tf mm t ( i ) » oc aaft 
C l i ) s 
"•"NO 
i9?tt iPS^d dofiaopii of a^olmtt 
Hooooitx^ mi& oooditloim Itio 
MtHod lAiotiia l » i»ro ( I ) o M C i i ) A^mi 
( U l > £ I • J t t A I < • t ^ O I ^ 
noVAum |$f] AiioooooA o&iolittt i i r l a M o o m M U ^ i n 
ooatitaftHo Attello onA fnio o msalm of irOMtlto oa ^ 
iaolooloA jCor tftio iMo ^^oaft w i ^ d o 
C ai ) 
mm t l » •fpUofttiont U tma^iw mfrUm. m f en 
thim mtm^ tmm tMMtt t t l n W i l i t A ttr ^ ( ( f l i t 
mwm ( g f ] * |41k0)» and olhira, 
fbo ft^olntt beraonio mmmMXity la ano to mfsMtm 
( I M ) : |»tC«^l)'^|czfCftt|t Iter in i ry s > o . 
tn flm ot t M oaMltio!^ for mmS^i^^ ^ anoint* 
rasBtoi ty of eaU^dst t^nosdlo otlliod Im twm t 
miA At* 
!Bi» ftJiiriil iortttM MtboA 4MPifMiA a M V 
aoRffSXl i m i i R I^O te* 9«tMU«A mm pt^Umm 
•eaoara&ai IHio »itlii»4, MS gsj mnA o«Mr0 aloe Ummm^A 
of tlho i i M r a l m ^ t e t o xbrXnftt « M N » U U I r 
law m mm to AiMooloi i of xik* 
coMTft A M Mimo4 Is « io m t fOttSoMoM. nr 
Mlalt loA i t oviAoikt that lAfcCA). AmlOMO to nm 
( 22 ) 
cOfttBlOAl «htdr«»t «• iKift to raseit : 
(mMkU (»•• naitSAiEi 
Ficiss g ^ aaft iroftd Idit vtantt : 
{Ofiil bawmr a(> o) m j « and 
tilmo tbom^a mraas a mmU^ mmml* tb&t : 
{Td^) i|Ai9^(o«a)« hmt^ how&mn 
laruB aC > C) m^t 
;i!liiii last r M d t «Nui l^nri^? mitim 
nmmm ^^ ^ ^ ^ mmmte^fa nr p a h { U J 
fdT m t mei»m of a fWPlmr ttoriwi« 8i ia»it>IUlr 
a 9»iiiit m n liukn ooiilkixiaa oonrs'TjSiiiM* 
M l jMotsiiariljr japljr aamlKlUtgr tatl( At ttot foittt. 
en tiMi AiMoewj^ of Hm fta^ ot timt Binl*ii oonrtrstnet 
oritirion for fooriiv » « r i « « nt & point i « mffioiMtt to 
OWMTO ito mmmUli^ lAft ifilXSfAW goij woo loA to «lio 
oofloiaMmtion of Iho intn^-rolotion bottfoon otMnobllltar 
(OfO)ff i*o» eoBfwraoaoot onA ooamMUtr |a|* t ^ i i ^ on 
mma^U of UttlooooAf IM irovoA thot : 
( «5 ) 
mkUH tfsm ^ nm hmnA pem^A tet : 
wmsm lisj tm giwd ^t isskutmrsaa rnmxrm : 
(Ottt^ltt |A|<^|Ofii|t a f 
I n p^^nsmXm; M l ^ t % 
X It tm umim 
[ A l c j O t o U 
\ 
fliSff Hf] d«fia»a and diootta^ $m ilttalla 
and prsitd a maSbm a^ t roaalta on rai^^tiofi Msiteiii Hit 
Mffaada iO«a{)^aiift mmm aoil l l ^Bf 
ftMimr ifpa^ tlia tlMsr«ig : 
: U I WMiUa k !• aad £A(ft ^n) 
ia MMMlda i^^ra a > tiiaa ^ ^n ^ inmatA* 
Raciaatlr. A m i ) ( [$] [d j t [ t j ) and DAS ( [ t s ] , [ajJ) 
( U } 
hart fliaotiMitA a tmibmt of ^ohlmm far iJfP^I'^miljr et 
mWti^m /imid hem pr^ma Hiait $ 
(AmML); fA|c|i.| ( B m ^ m mz aM 
(Aztr^): top a > p <s«e dloo Bxm g i j ) , 
(Aaj-«3>; i^fPg^} i» mtmmvw s • • ( s w BSmt (23j)» 
CA.1IIH): (me gOi© M J frovta 
nmt : ftJtp^tQjjl Zn psrtioolas', m hav# 
um^n 111 a m * 
tuitMrlAii <iimmm& ^ for 
MA mm moA n n m m |(0 ti^ |i»pjj^ t«0iiEKmt»uifQrt 
ur B i m g o ] 
AMomn stmAmuir n o m a isrmxi; M'JIS, 
M Af ta r l j t i » m t t ^Ma I^ g5] m$armi: 
( m - ^ ) : lb* momtmxpy mtA mXtlQimxt oonlitloiui to 
•lOflsritMo fattfto trtkg^titm*gj^^io 
( a ) 
•atisfitA 'bgt & M^wmuhi [e^j mmh t M £ f^ a^ mmmHn,* 
)0»a)« vitmmmx zi^^Sm mmmhim {Ota It art X 
( i ) 0(1). ana (11) a " * 0 ( 1 ) , 
i^iero In a iniaipr* 
13bf> loldHQor P ^ t nt tils tftmtitm m » pnirtilliea 
ty m ^ j ^ m A s n p f j ^  frtiir«a mi% : 
(12^) : m 9 i t ' < a 9 »iamint fOtpj 
i: a^ Q mmmhlit |0»(i|« A m'bmqu^* «xttx»loo of 
Kio^tmijKs^e m^&pm im^) wsm om to H^DruBX [95] 
oould «Kttnft of r f^ im ^ ^  o to p > 
Aftor lSuia« ploxH^ln^ aorliait irtdlt oi* dlaoaaaliiig 
alMolata Ottearo mmmDili^ totora iMlifty to 
oaof [tl3« BOSJiaqtmt ai»l C^^  |d]» mn and AmiAB ([njt 
IMlt ^ ^ ^ ( p j f tttealio [3]» l^J). IM^t 
acmiBKim? 1*0 mirnmxmm mi tumtm i 
(auSHl): atrloa t la aannaUt {OipU nAfmnrmf 
( m ) 
Z i» mmmhf {0»a|ft mtnA Qt^f I f 
0 4 p < « , 




xn 1954» feoth cmw aaa §23 
flLit v^tilt (iu«4) in nlm true tor nil 
« anS : « : > m ^s^ti HiJ Is^u^aatntijr et^teti its 
rmiU wm a ^ immliaat lon iJi 
mmt^ m fteolit oonlaiiied lli«97«s 
i>igr«rialio£f m ft epmM mm* 
A cimrAliaaUon tftM uteirMsatloiMid rosiai^ (KS-4) 
•f is lOa* mm ^ « to atsi^ lttte lii^lttiiA 
mB ^rmn W ^^^ { t ^ ^ prwnA ^^wmt 
(2KHI) : If •oofe tot r lijyl • o( IP^I), 
£ < ** t ^ a^lttHajr ooJW«r«iiit » 
I t grlwa ^ r it ® 
( 27 ) 
m r m U fet da* to 
(M-^) : It [q^j tm mt -
thm S i 1 < » ^ ftj^ 1» miamyf l^t taU 
In ct^ ^pftir I I I of grti^si ^i^i® m tiaim mmiMr^d, 
til* &l30Dtiit»i mmm^sm fi^ tosro tor fte 
to gpt ^ rftssdlt ni dm f fusS & m m l t purallol to tliat of 
(b) I f a givoxi iiifiisitt oor&oo E a^ Sn Dot iH»tsxit>l« 
l ^ iP is i^U ^ ^ of 
of otrtain o^Aor, mgr 
f • ^ I--0 t 
9 0 « i t M ii»iHlooroasifiS M.^tiotie«f tbOA ttm 
m t n n i l (ptet lon arlooa ao to i ^ t t jrpt of oo^funstii of 
factovo [G^ I Qftfi Do ^ o t a f m tiu^t ti^ oirioo t tg^g^ wgr 
lEMi illMOmO t 
( 28 ) 
HI •ptolAl ontca thin ^totioA mm Anrnwrcd lor * 
mOmr of Author** fl».# m m m , g t j t gtl* 
MMAD C(3jt|7])f FASX (743 aitdotburB, atntior. 
ttse foltowiflis wit^ nililati «• dlreetly oonotrzwa 
(FXHi); If £ t^ otsa^ a ii»i]|t ood 
oonvts simioiioo soei^  ^ t r^  DT^  thtii 
U) i: is ©lEuimo 
( i i > c i^iUB ®t> io mmrnM 
C ML §4] , UmP'm 
I f 1: flimlilo |a,li» ana ia a 
oo^tMiioo ffnoh ttm% z i* oonvoripiitt 
( i ) £ mn iM 
{usm gat •[]} 
t £ wild to liottaM ia<»«£ o4lt if 
a (o-l £ 0 ( U « A)* £ 
( a ) 
( U ) s a ^ ^ i M mmmn9 W^wJ, {K2aH0 £ g f j ) , 
fitoentljf, atmmtim ttiis fftt^ Btion font 
1x1 ft 0mBeoX lbr»9 Amio [7] lior fsagraUsed all tSitM reaalt(0 
aM oltliaiaia ttm tmml% : 
i U ! - ^ ) I M > 0. p^ I 0(a • U t {%]!>• 
mtMaas^miae,, I f 
^ tl3i» ath Cei^o sssaa ot tlui st^ofio* [t^^g^j 
aiaa l ^ i ^ l 10 d pofiltl<pi o l i ^ etqt^iio** oAd I f 
moU ttmt 
(i> Cji • oa> i a A % • 
Cll) K a ^ i < 9 
ttiAii tiNt 0«rl«9 iCml)*^ Sji 1» »»amt»U iKt^Al* 
Itt GteyHr IX» as llMtrtts im gtat ftUa* vmnXt 
vs^Roiae •t(|itmae a aor* fintrml O1A9« of 
••qilffliMI* • 
C 30 ) 
f«r SE&K irontA t ^ f0tl<Miiil8 
ttmrm : 
immn If i nm i K Q ,^ 
n % ^ 
«• C^jj)"^ ^ a ^ {lijj} is a pprsitit?® 
aM cirn ®60h 
(i) ©u % « c a ) » « 0 ( ^ ^ ^ % > f 
% 
U i ) ^ % — > I < ^ • 
^ ••rSM £ e^^ i^  is 
ZA STf prow » of r m l t t 
fur otooM of iiioliaa«0 
&1lOVB«ClltttiOfitA tt«& l l l i lt til* flTftt 
on* ft tmmmt:^ mH ftiiffieitat l^ tPatQiil** 
•mmhrnw tB^o^B ififiail« mrlm. 
< 51 ) 
i«7, AmomM m n m m u n n a m s oar FomJi s.snius 
MB ^omzm m 
littt tm m p&tiaio fnmnimt witH p«erloft 2%$ 
iJ^ tUtt iOAst lA^lpMi o w mxi U t 
llto B»ari«r flierl^}^ of t(ty tm i 
tm [a- ooi» nt iijlii at) ff k f jt>f 




f(t) t»»8 at at (n » ) i 
mad 
1 % • / 
« f(t) oia at at {a«* lt2t«**)f 
tmrnmim as my9 wlthoat tuay loser of aUtri ttidt 
ecmalaii trntm i» v^ro, Umi JMTior mtim of f Ct)« at t • «« 
i» z aodi vill IM i0£i0td tir ^ p]^* ^ •'tfi^  
• I { f • } * 
( » ) tNt Iehow tsatf oonii«(|»«aio« of tbt fi#i>liO{iUon» 
to mm oorloo tua& ovloo of Hio vmat» of 
sootioi l««Cb)» tlioir Atatlioro o^«»liod tHo fotlowiais : 
C 38 ) 
(BM): It $iM> « t a pmr MTltd ot 
etliyMi jiooh ttie^ t 
i U l A ) / 1 ^ «• CC t - 4 a t 
l ^ j to « ao<«« ttat . U, ooflwrawt. 
ttlftll 
(I) X XuCu is 8ti»»mt io»i| (Kmaop/a x>» 
(a iH ) : If j i i a ooaiwx liioli ttmt z 
is ccmvixrpiitt %hm 
( i ) sorlm hhS*^ ^ mmAhlm ji tl| mlmnt 
m, miMwm ta X9 imv |2cri)» 
( i i ) «ht nmUm t (log SST )^ i » mraiia* 
iBfCiii'D'^i ^ a n of ( U L 9). 
(BOM): Xf 7(x) is «voa» Jr(x} t 
(1.T.5) / |f(*) I® te « o(t). wi t 0. 
{ 33 ) 
ftcitl if it A mmm ««Qit«m siiot Itmt z 
i » mmmrno^tf ttita tlw of s^omUm 
ootfrioionts et tb* propttr^ Kbat ^ i » 
/ !?(*) I a* - 0<«>, a® t ^ • ©, 
o 
aM if is a ammz wqmm^ ttnoli :: nH^ iM 
of f { j i ) !mo profiBrlty Hmt 
: > Of i 0 {a • 
(i) Q{%)t 
( i i ) £ a iois a I A^nl < •• • 
lh«i tti« MTiM e^  i» mmmbx^  IStfnl* 
Alwsl all mlwtm of x « (AmjD {jj^ mmfrn a)* 
< 54 ) 
: mt tlift MQttMiOM [ P a j ^ l ^ n } ^ ^ 
mam in { m ^ D * U tW ectnditloiui 4»f 
CBiH)f mn z imW^ t^ U iBtf^U 
{mma> [?], 'Smi^ em 5). 
S tm 9mmmw euaS [c^^} te ^ 
m in If rc*) m%%tt£im to cjoa^itieiai of 
t l i t i i sttt^ mtzia* MuBPimf ootffioioato of F(x) t m 
tai« jropertgr ttiat F^e j^ Aj^  m «iii3r <im« jJJfPulf 
imH,o} t turn ^miwmsmn iw Hi* {mini 
1^11 in (Azr?-?), If fC*) ^ Qon&XtiKmM of 
^ • n t i l t MQumoo [Aj||«f ^ ^ i i r oooffloioiila of F M 
proi^lor tfc»t yCtttl)** ( io« B T D * ^ ©n In isiamu* 
Xa CflbM t^e' XZ» ao aypUoatiois* of oiT moorow 2,1, «• 
olilwia r«mat0 «ro lAit (piwnaiafilioiis of roonOLts 
(AjSDr«0) oM mntXotM AIioyo, 
( 55 ) 
( B l ^ ) : I f H^) e %mn le rnmmi^ 
fO,5|, for •fwry 6 > 0, 
OiiMralialiic PAH ( {72]» ( m j ) obUiMd 
first tti«or«a oa tte of v ^ n 
e Bf<09ie)» Ml^iat^ iritb vorte of Ma 
Fa«i*o r«i}cilt mamiii^ ® ^ t 
» e BfCo,«h ftafi [p^J is a positiYe 
2 f e B7 cusft a 
a l£Pe 
.C B?» 
ajf}^ Iff iKimiililt 
2t tJ«» bt®o lay H^f.dikshit J tSiat in tiit 
•ta^ewat of m o rowilt •[a^j e BT Is ofniwlont to 
e proirtd a tluNsfwe, otittimltiit 
to tho otiovo iMiitSoiioA rooslt of rosslt M 
fortlmr diJiooeood OKteisilvotjr tur« miste- of authoro^ 
( 56 ) 
OHIaliiliss A IstaA of of Hit 
romlt (BLSO of a^wia^Ot, m m §z} «t»i tHoorov* 
{axHL): Jf ^Ct) e BfCof^) { P a } ^ ^ 
anft itt^ntaeo tiat (ZiPnj i*^  
limriiasifis Riig ^^ • I f i ^ 
Htsl^ mmlt mm latsr on e^oii n^f.mi^^Blf 
u a w MD mzih gaj mm'"mU9i9& i t for «lwol«tt 
aatris mmmhXlttsr^ 
Ofi o«t]ifr §ism ^ ( t ) e Bf(Of^)t is m% msttixsijmt 
to oi iwt of ajfJjj, ism fa«x 
% m m M g o ^ irowtt ttot 
•siiiftUo 
a^octiofi aiiOE (§9j n n m r m tat ^ m m b i i i t r 
faotora, 80 as to Imlndo .l/toi^ Diijr** romilt • partloolw 
OHM ^n p^ • m irovoai : 
( 5t ) 
(3f-e> t If ^ ( t ) e i: '•nj^.J 
mmoMm f l t p u l t «tMr« ••Qiwm {J^nj Tml^ 
mtA i»iHUiBr«fuiiiig m&h ttint 
( i ) 
EiKstatlir j i j ] sfim ft puft^&Uai&tir-a of %U,n 
remit oS Oio^ ^mldlits t^ ooofiitl^n (i)« Id ? 
T9mlt in tli« maoir as 
jioj mtm-rnlSmA f irst remit of nm^* 
k8 a soinr«rii« of AMlmi r«ataU : { C ^ l c l ^ U iA 
HXSIQP {42^ Il3« tellm^og Ikvltmimm 
tlUmtvm : 
(mm) : sx t mmmhU |a| mid x a ( » An) i* 
f 
ammVl* |0ifle4>]L|» iilMr« m 10, ttmn l m^ is M M ^ l t |Otai« 
I t gbOiOia m o o M m t io«aH{ vt 
E (ft alAo fliottstarf Uit lti« mMHilllQr fO«« { vf 
( 47 ) 
partlcjulcir mm^ of tbia ttxmrm m-e : 
Cm^-e) ; i f r. mmmfylti aad Ih© ©ooaeuo® 
[n is ®it®tabX® 1, L Is at>30lutely ooiariripnt. 
(1^3-3) : If •; mumblQ- |A|i ana i f fa c 
then :: te aSsioXa'^ al^  ooawer^ ent* 
ait iiict result ciJs^  1)0 m Oireot smlogue 
Ctilis^) mB li ( m m nim 
j|aj) iute-ofiaoii^ :; ©^t^aaoi aefioitiofi of abfioiuis^  
Atjol and saErraMli^ iw mwrntjility s«tisod» 
I A a n d }Ofa}j,. lit p r o ^ t 
: I f >; 10 BB»jaU« I: ^ If and /^Cn a^) 
la 0ni!if3at4« jCftt^lIjj* a > then a^ Us oocmlJl© [a»aU 
UAS {(26j, 5) a»n©rsilissea me la 
foll9ving forra : 
(DQ-2) : X«t k ^ 1, , > - I t > - I , If iM 
C 39 ) 
»u»rmbl« [A thm omamtjln it$ and 
onl7 if n a^ ^ |0»aHti j^ * 
In of nm ADeUan re-sylt Ptpglcrl'TtPQlf 
.uiif -j {Vj, mi.:: aniX P'Mii^J^ C aim 
jpcj) emSL t-e Mltming iMit^laii 
tlif^-tsss for a t l ^ d . 
(/a-l): It im mtamMo {t^l G aM 
I f iB ©QOh ttetJ 
CD a ^ ^ ** t 
a M 
( i l ) > for w ^ I t 
mna ^ aucmU® Itfpnit C a utrlotl/ p06iUv« 
oomtantt azid 
^ |u«a«i't,^  la o BpeclaX oam of I t b o d , nhan 
( 4 0 ) 
j-r/w 
ml v«»n »»n 
m / V 
a Qd i f , tba rn-m ooMit4©aa ns In 
ai^ tf t!j.0 etis® ootsiiUomi ac la (/v—DitiKm 
1-0 otjsolteteljr 
r M fvna (iiJl>3) t®eo» ^p^ial oasec of C aI^ -2) 
and C/J'^ 3) rdt'imoti^ly. 
lAt^- OR " X /'VX isof^aUsstd tli^ a© resolto: (ja-i-I)-
(iTvJ) tJBT iE'ovlng th« itollowte $qt 
(? mi-a): If , ftr k is. 1, : lu mtamhle j«TtP,j|j£» awl 
e BTI^ , ana i f is auob ittat 
( i ) < a » for a « 
( 41 ) 
(U) — — > a , rcr « 21 • 
aca 
( l u ) ( ) e -3, i-or > 1 t tf»» J 
ahte rtj^ io caimiM© 
(' lai^) ; Iff te fe - suemiDi® wad 
1 • S ^ fehs of C'' 
Ir. t^tsmM© |0tO 
; XT, f^s is s&amlil© iJtP^lj^t aofl 
fpnl riti. -ries th® oondlWoa CBatl-l), 
and If In addition^ 
1 a p kHl 
( I t ) ( E ) is twuftdiMl for k > tiiOR 
j: ftjj i® flttwraablo 
siiiti® (.^ifi-l) - (AS*-?) OOW oaly t£i« Aliol mm 
^ Ihia oonaii«i6& Is told for k » 
•[• Somblllt/ )C,o Ijj of t ftjj la tbo iusibo aa [n^ j^ jc 
( 42 ) 
p^ « 1 for all n i o) ^o mt oovar tim JLai|>ortaab mm 
ot log^itfeala eurrmbiU'tsy (wtien p^^« fbr tiXX 
n go) t recently .mi-rj anS m- .'..icisar ({icQ, mm al«o 
'tiiiS^ h'lm pr md tsh® : 
iKfO : IT Ujj-is aou 
(1) < a g fttt- a® t 
« 
aaci 
Cli) H'&y > ^  ^ ^ • fter w li i » n « y , 
^sHL 
r ^^ ifc mm-sjM© Iwfpjji. • 
'pjjl ofttioflflQ Urn osisa as in (AV-i)! with tjh® 
oofiftitioa (ii) r«plao»a tb^  ooodit^ oz^  
(il)« tuiifcreay la n ^ r > 1 t 
^ « 0 ( > , 
^en I aj^ie wswuftbU 
( 4 3 ) 
in prtrtioiiXiir, otJttainea : 
(AV-^ S) ; It .. is 0ufx»t>l0 ^ ^ f ^ ^ » 
acd if Pjj (> 0) ie oon i^aere&Glng, then in saat:;ata.« 
JfollowiGii restate law at00 beea d^ Aacea trm (aT-I). 
: It :: Gjj ia soiamble iJtPjjlt ^^^ 
it KJ.tiofioo ti30 ooodiUow m la (AV-l)t then .. 
in "boolately 00arts'.ti0iit» 
* It o^iB mwMtiU ISipj^h ^ ^W/Pn]^ 
and if . to mvB coMitlomi in th«n 
w© Qt>Q«inr« ttiat resiilt ( oovoro tjotsti th« <me9» 
of abflotttte A M and absolato Xo03±ithmio aaoantiilil^ laattiodfl^  
iitiile glYoa 6i%lified ooQaiUonii wbloli mmy to 
appUr, 
I n Gtoaps^ r VI we «xtaad tUooo reool-o (AV-l> - (iiV-5) to 
f^yP^f '^^cu^Wi^* i vo r i oc^ t ^ n romil ts j^owd by 
( 44 ) 
of m x i w ^ m n m 
AG la QGQtim X.7t let f<t) bo In 
irith ^arlod tli« Fooriir 
S3 J>dS Oa 
men fl-ist dsriw. ^teier sa. JLw of Cl.9*l) i® 
n (b^ coo nt-e- ola ist) « ... a ii«Ct;), 
or rCt), at t » iR .... /.Ja^Jt 
® mo 
aM tht Foiaior serieOy at t « in ^ a ^nCsL) 
w OFl ® 
ana «rtll d«taot«a by ronptotiwXj* 
m al8o ieit« 
f i t ) - -f(x^-t). 
s (t) « — - c » 
4 Bin 11 
< 45 ) 
« t ^ nM ika , 
the first t lm [ i l j applied th« 
to i:'o«ri<r i«rlQo aM irowd tfca foltoin^'j tbttorasw, 
CE'C-t): Tjaocotk'i^ y ajid ouffioieisS coMitiou for 
to Ija Curable ( l ) to fcli« atsa in tint 
/ trxei^  C ) at « o C lloi^  
0 t I-at 008 t 
as ^•-•I-O, 
of f ( t ) mar t w x^t 
• St 
( i ) / « o (t lo '^ Ct ^ ^ o), 
© ^ 
( l i ) / 1 da « 0 aog I )• (t - • o). 
a® t • Of tor artiltraiy ttmn ' f tL 
*o 
in aatanftt»}.o to s« 
liBl^ roTiiif r«eaXt (ki?C-3) lAiUiA {66~1 proWfltlio foUowins: 
( 46 ) 
: I f 
% (J) (u) « 
/ da « o (los I it o), 
t tt * 
too in atTOi'olo (2,) to .7* 
mrUUf tie foll&wimi theorta Sk® to arsd s^ Ujb/, [fijJ 
/" ^ m Q (log ( t 
t u 
then attwaaUle (li) to a. 
liAmi la^revva upon Hioorea (Mi-4.) 
a.a& tho followlfi^ tboorea mm oMciiiMd* 
: If 
/* fsisi dii » 0 (log V), (t - • o }t 
t o 
tbttt [f] le euBmblo (I.) to 0. 
( 4 7 ) 
lattjr on EMIUA and iJA;:; iojjrowd upoa the rtenlts 
CllMI-4) and (XmS) ^ovefi • 
^(t) « / Q&mo (log I ) , ct; - ^ o ) , 
t tt 
imi^) : If 
IkCtt) t 
a r •A.wwdtt « 0(X0;J §)» ( t 0 )f 
t 11 
tlxm i® Ci) tQ a. 
In o rmmt aote gsj tee gtas- nlim^ thoorcaw 
(lii'C-l) ^ provia-.; <Jorr©o|ioiiliiJg ttieoreiafl for 
(ftFi-e) : md fsuffloitaSj oojaaition JDbt 
OO^ to fluamblt (^tP^) to th« ooa to that 
0 ( t ) lu 
/ in ) dt « 0 (P(*)). 
o t 
( 57 ) 
for artjltrary , o < 6 < < # aa x I • o. 
• of i f f j ^ n lomt 
yTopari^ of ^iti) mnv t « js^* 
a s ^""(t) 
% O t 
ai^ arbitTc^ry o < 6 < if » aa x 1 -
(ia^UH) : tho f^ e^ jyiem© f % f ^ pooifciircs aad 
aacrefiolA't to srcii t M [ it Is txsuixiM, 
If 
t ^ 
<l) / W M l^ tt « o(t pCl-^t)). (t - ^ 0 ) , 
o 
6 W*M I 
(11) / 1 da • o (p(X-t)), Ctr - • o ) . 
% Q 
fbr ajQir QTbittrary 6 , 0 < 5 < i S f th©a 'Pj* ^ ©owaaWl® 
imy rtodcitly^ STHBT (jio]|faii«^pter m ) ha© ^ n t -
rall««d ihmrm (ili)*!) provia; ttso followiAg theorem for 
C 4 9 ) 
: iittppoe® tbat 
w {apjjjct^'^ 
( l i ) tiiere In an a» o < a < I t 0PCli ttmt 
2f / « oCpCl-t)), Ct o)i m) 
t a 
tlaua ..{Tj^ in mar.ml3l© C«Tfp«) 
In to mrnot^  eldLliir to ot and 
in Cbaptser ¥II» wo guuieraXiat theor«ci 
otttaioiQ^ a oorreapoMljQg r«0Ulfe fco* (Jip^'j-^oamblUty ot 
tol^ Banrior 6c>rio0. 
Qmptir H 
on tnpPj^l'^mii'f^iMm^ B^mmm w tmnm^B 
S-t X mt u tj® 1% 
iiafioit© furies wi^ rnqmrn© of i^tinl J • 
I ® sse^qBOfio® ot €K>mtaiitot rml or cosrpIesEi ana 
as mit& 
p^rnQm^^o^mom^ traiisformtioa ; 
&9Simo fell® i>©q««i3o-® 1 t m i u x ^ mm^ m of m^mm^ 
B9mrat^ & tsh© of ooefficlitttt® 
8«rl08 a^ 1® snid to b© summbl® to tlit aoia Bg 
it Ito tn exiate aad 1® to 9» ^ tm " 
2lj« series Is to t)@ atjsolatel^ ClftP,j)f 
or 8tJia»m« i^ i^p^ if it iw, (lii^ j 
{ SI ) 
Zn tho ofiiiolal oaite in whloh 
rCi^a) 
t!i© Ei2:\nr©aiuc0f3 to the C B^J* 
10 turn tim tmm m ou^s.'ability lc,a|. '•iMlt^rlyt in th© 
iu 
X 
(2.1.3) ^ ' • ^^loK fit as a t 
(iw-l) 
red«cec to tlie thmlllnT tM-n^miaic man (• e-a M..*..: 
j-^ somj^ -Mllty i® %hm fcha mm ao Qbeolute harcio,nio 
ssKCiiaMlit ,^ It is '^mn tfct j'T^Cml)"^j dlGtal te 
moTf positive cti ^^  (P'O)* 
2.2. If 
n 
tho 0o:"i9a a^ i is mid to be Btron^ g^ty by cjeokro 
( 5 2 ) 
mm& of or&m 1* or tsooikiad |Ctl.J« 
n |8«l 
• 
th« mriQn a^ ^ is gaid to bo otroagly laomlm 
with taaoi! It OP t^ aodea f , lo ^  ntljt i®0a 
M o]^  ana -Cj^ demt® a^^ of the 
ueqGCaoeo {o^j J araJ {n a^ ^ j ruapeotiwlsr, vlss, 
, 1 li l a 
** fSfi^X W rw'l 
nn iAmU^ of iiuiJiiJLi/.;.^ ^ (plj, 
• ^ • ^ ^ tofeil mrlcitlon of tfct 8«qa«no» 
Jgj^j is glwn.tiy t 
» 1 "I « I Twl (2.2a) E I si - • 
2.3 ooa:^pt o^ quaoi«ootx7«x sociiiooc;® ms r«c«atljr 
geiMr aXla«a ty mYi^OTiiKXl goo] m tau>m I 
A s«(]tiefic;« j is said 60 beloii^ to olaaa ^ i f th« 
( 62 ) 
following ooraditioM ara ofttiofied 
( i ) n 
( i i ) t^re (mintu a mqmaaw of msatbore 
tbat djg 0 aM s «|. Is com&r^ntt 
I i a|e» ^^ 
flEi^ tt :: | ^^  touofs tiKit a mil qoaai-
i»>»)c ® 
ooowx G«<|o«iieft {a^ | to tho olaeo ais oomret 
is mt in vlow pt tho oonditi oe (11) and 
( l i i ) « it tolhamm ittmt •mry (a^l of ol^ss is 
of t»ttndi«d mriatioii luid ttiat a -• o t an n » 
A [a^j ttf po«iUv* iMttftMrs is said to 
ijuati^ MAotoiM if ^ * ^ ^^ ^ pomiU^ 0* 
Zt i« obviotts IfeAt •vtrjr mll'^ mtoaXa d«Gr««iiii!ig ••^ Miio* 
i» Qt«i»i<-«»aotea»« seqooJMt [ft^  | is said to )>• 
noaotoa* if ^ o« > o uUimttljr and /j^  ^ • ; 
lAmn is a mqimQ% of yooitiTt aBiri>trs« zt is mgr ^ 
ttiat A fliAl atqiionos i
( 54 ) 
k »«qu*nG© [ftjjj will t>t said ta t>«Xoi3g ^ etass sC?*) 
if 
(1) a- o» n - ^^  t 
Cli) thoro ejciefc® a stquonce of r^ uatHrs jMtcb 
tet it Is 6«<|Baei-«»mtom with : ii a- is 
(Ui) I Aa^l io^, for i l l n. 
It in trlvi^il timt ttjj e a ptjjC 
2»4 lAt fCt) @ poriodio funotiDQy wl^ p@riod 2it» 
lnt«griibl9 in tihe mqm of l«b«0g(i« o'vm:' and let 
(2.4.1) a^  • i; (a oo« nt-fr fiin at) * JSFl " 
1 •• 
s - • I A j t ) 
2 ^ Oil » 
^ lt)« Vdoriar series of th* fitimtion f(t)« 
m «rit« 
( 5 5 ) 
for V j^lt n ^ 
^iatrodnotlo,^ • aoo0raXl»i«;t a ssoGtser of romltn 
(Bm {4i], (Kl» ISf^J) Mm\i} 
folljOv/ing theoreci^ on the abnolutt Mrhied ouismMlitar 
faoto^'e 0f pttmr mrlBa usA Fotriiir sm^lm* 
'fl^rem A. iSt p^ > Of Pjj ^  0 Ctt » )f ^ 
I«t iPjjj tJ0 It 
« f V i i ^ i . - C ( ^ ) . 
«h«re ^^ j la a |)08itiT« eofi^ dvoraaeini; mqu^ m^ f aM If 
tiM IMqti«QO« ^ j Is onoll tibtAt 
(i) e^j^  Ma « 0(1)» » A % • 
( U ) s n I g^j < ^  ^  
thdo th« MTlts sCat-l)-^  p e^^  is oisiambl* 1. 
C 96 ) 
3« p- bo tb* Sam mm in 1ti««r«B A, I f 
1 a m h tbat US 
U) xosoe^«o(i). 
(ii) E u log a I < ^  • 
thon th» BttriM (oi'l)"*^ ^n *^^  ®iiia.iabl« i^ tp l^ 
ffir alwat all of «« 
Pjj 1» the as la aieor©® A. 2f 
i-0 ©veiit P(z) € 
(2.^.1) / |F(x)|^ dx - 0(t) , 
0 
M t Of and it [e^j t ^ mm oofiditieiia 
In 1la«or«8i B» th^B aim tfqttw ^Jk^^ of lonrler oo«fficj»iit« 
of hafi a srop«rlar tfaat t i m l ) ^ A^  10 
l^tPnU 
D* ^ 1*11 ^ ^te Aam a« in iStvoros A* If 
F(z) ia ofon* 7(i) C L(«^ t«i)f 
( 5 t ) 
/ |F(*>{ dx - 0(»)t 
0 
na t ** • o# aod if Je^ ^ j o i^tiaf 1»» the mm ooa&l%itts^m 
in D, thon tli« B©nu«no« {^ ^njo^  ifowrlier oo«ffloi«a%« 
of I'Cx) imii to proii«rt?y Clos Cj^  
is etismbid l^ tPj^ l* 
HwoM-m It f(*) » Ojj 1® 1© a powt^ " atrt«8 of tlit 
QXtis© Lft mi oh tihi^ t 
C2.S.2) / I do - O(ltJj). 
o 
ftt t Of and if G^^ J Bfitiafiee th« mm ooodltiooa m 
In i!b««r«p 3, %h9n ^^ e^ in «tt«at»lt i^ tPQl* 
Onr in tMe dhapter i» to ofttebUfitt & fterth«r 
itiiiK'aliiiitioa of VtM above mntittmA theorem« tjf r«s»laeii}8 
m ^ ^ m m [ Q ^ j bgr a «iqti«ao« bvlonglog to otlftos s ( 6 } r 
m ttiat tb«or«ne b«ooaB at^ ooitO. oaiits of otr t i i»orw, 
2*6 m proim tb« fcaioviAs : 
tesaai 2.1. m Po > Pn ^ « - ua.*.. > ^si 
< 5B ) 
i s i iPn} M mss^mmlM* u, 
a I r^f 
B S f % {15. t ma&msi* l i 
l i t a i m s s i i ^ n } ^ 
W EiESS t toaSES iEStee. [ttic j 
IS la • 
a-l ^ 
V < f 
tss I A^fll ittflf ^ all a ? 
lats M ISSim (n^l)"* Po lift 4« s a K S k 
16SESB jfiiSl Pa l&tet toSttMla 
( 59 ) 
Ca) logae^woa)f 
ih) i m t i i l B a B a i E S S i E e s s a {'^njmsk 
n Xos n sSg^  < « » 
IFi 
aal 
log n «jj < i 
Co) I A^nl i ^ ^ 
te. ai l BLISSS 
B S E S B m Pt^ ^ i i s s ^ ^ i a M i t o m 
Hx) fsaa, FCx) e L^  
(2.6.2) / |FC«)r <ix - 0(t) , 
it t o* s^nasisEaiEBt {^bI^^m^m mm 
m ^ M s s L u la J&tn m m m a t [ % ] « £ 
igritt s (ml) -* p^ A^ la wrnm 
< 4 0 ) 
p ^ m ^ p„ M lla Is M SSSESi 
t 
/ }F(3«)f d* - 0 < t ) , 
0 
^ t Ot ^ E ^ gSa^Hf E B 
aga^.iM^g ^ la msm i m ^ s s a i i ^ c 
i-dwi)*^ (log ij)"^® ^^ e^ Ajj eiEEBft 
m^gr^tt 2.5» f(3E) " - ©a t ggrtaa ^ M 
sssdss si&si l a ^ 
(2.6.5) / I j m « 0C|t|)t 
t o» ^ mmm (^n i BS12£M I6t 
^ f f ^ l f t o f f I S ^ M s s m M H ? . l f t r i t ^ x y ' ^ f S f l ' n 
a asBsSU 
I. It III to IM oXmvrvd Hiat vrbanmr t»ilG» 
Hg - I % I A® Cftlf aoA 2 n iU^ I A^BI 
upv 
oonaitloiMi («i)» W ftofl ( o ) o f cor Ih torea 2 . 1 a r « 
( a ) 
.xutomticnlly » tidfi«<! a»d hens* Ibooroia a boooiata & 
partloulM' oafi« of 2,1. 
2»7 neod the foXlo«rlng Iciamo for tb« proof of 
our ^ooreias. 
2»l ( 2 p me nlm [4])^ I M PQ > 
Pij I •• I f S f .)f IJll JPjjj 
Igr V > I t 
(a) . i H: , 
«« I A ^ a i ^ J E 
(t») £ £ , 
AFT t> p , • 
( ^l]* Xb^oriHM 1 and 2)« ^ StaSSSSt 
WM % m i ^ S t SSESSS^ la^SliSiM HaBSSSS* i£ - ^n A^n 
aoA 
( a ) 
M s s a i s s m t [On 1M'^-asaSl-SEEilm 
^sasasa tM » % < - ^ - «n ^ 
(i) % n - «« t 
( l i ) . a 1 Att f i f < • 
'grogf. proof of tfce l©iam Is tbe a® sti«itt tjgr 
smiET (|0l], OhaptflT 11)^  fe giiwi it for oo]^ l«t«atoft. 
midag ftj^ • aM • n ^  1» ! « « » w« 
- I « « A ^ o l • ^  I «ii I 
1 K 2 «n % 
< - . 
W liyi^ttLtasa. 
( 63 ) 
LSdLSfi (i) i: ^ J U ^ i 
(ti) ^ I ASTyll r ^ U ^ • 
i^gofe (1) m tew, as » , 
m {gL{ a J^l 
I r ^ j « cK £ IC^I ) 
nHL 
» ( M y • 0( 
• 0(1), 
W lajrpotbMM, 
( U ) Sins* 
m2 ml * 
C U ) 
I Aff„l • o{ IAe„l % • o( 
n .l«J»«lt B 0 
, ® Itvl, « , Icvl , 




2.5 U • ? Oft » 4a 1 mm 9mm 
9iBAni ^ f f fjff^ Sfi l 
/ jfU^®) I de • o(|ti) , 
U ^ ** ^ ^A It I t log a A ] . 
( 74 ) 
a iGrl 
2»? C [oj.iflm ic). ^ 
a 0 (log 
^ » •• « I & 941 Bl*^!! «£ 
i i I t 
2*9 ( lAom 4) . F<x) , 
F(K) e «« , « ) « ^ i s l \ lumli lift m M s H « i i 
i s E l B affijyift ai m i mmA* mm i t 
/ j f(*) to • 0(®) , 
0 
< u ) 
^ 0 ^ • s^ n U ^ i i iaial^ i*^]* 
/ 1I^{X5| m m 0 ( 9 ) » 
o 
^ 0 Of |bftt . 
^ I Oy { « 0 [ a ( u g . 
acd l«t t!^  a^ l^ lojad aean of me fftritc 
t II V . l a _ 
tr • I p I f a « ~ £ f f » 
® Pft ^ ^ ^ ^ ^ ^ 
X tt ^ 





in to prove tbat £ It^ • t^^^ | ^  K, 
n 
I t i « ev^oujji) (3 Hsol' 
i K (T » 
l0C9ft lire haiw 
£ {r^  I i s 
a-l V i H l 
' ? P if I I M 
f H * • APT ^W a^Ht 
C6gr XAWR 2.lCa)) 
. r J & I r^l 
( 68 ) 
mKtt m hairo 
^ ' - a ' i i . r : : ^ ! ^n,TtA«Ti i 
'"d W ' V n - l 
Vml • • BPV 
m 
i £ • 
hypotla$mB mM imm 2 A ( i i ) « 
Fimliort i^w 
- I H - ^ i l l r , ! " 
- l e W i l l r , ! 
i % I I •••— (tar umm 2 .1 ( t » 
t n p. 
( m ) 
by lOTOtbaaes axid irnaaa 2,4 ( i )# 
IMe ooc^ltt®^ proof of Ttxmrm » 
2.4 niad 2.5. ?ir obtain 
£t*om Shsorm 2,1» by taklag » lo i^ a, Bfid tgr 
p.n appeal to immsi 2*7. 
aieor^ Q am ao iCroa ^qotqc 2.1 # t^iding 
loc iif adl aii^oewive uf .^ ^rmi^ .^ t .^e 
fiiai 2,6. 
sot •^ tjooroo 2,4 fro® 2.1 ^ilth •{loi; 
ni3d wltU e^ /CXog in plao® of C^ t^ t^ y im apl^ n.i to 
2.10 aisd by uaii^i ztm faot timt 
iiBplies 
• L 
Fimlly* if« obtain iSKroran froo Showreo 2.1 with 
"log Of ^ appOAliog to X«»iDL8 aod 2.6. 
ati&p««r I I I 
A mm on mmmm •aommmno^ 
FACK3B3 
Wiait® 8tri«fi witti s«<?tieiice of partial eutsst |» Left 
tranfira'^ mtlofit tur wlilQb me (^ n^sidered 
by jis], is aetim^ an tto® Mf^ ut.ooe'-fto-sogtitiao® 
traaBformtioa : 
% n o 
(3.1.1) t^  « I Pjj^ • 
o 
tlM MTies ^ A^  ia guid to t>« ^ baoltttsty aamaftHo tor 
Qio (3A.X> r»fliocoB reepootlwly 
to J 
(«ti«tt q- • for all n)» tqr; 
( 71 ) 
J l ^ n - y V n V"© 
mk 
in artloular, rttmn P^  " C « )t a • t^  is 
tshe mm m {C,3c)-'feran8forai : 
i n k- i 
'a" TT* • 
(!>) (sifoen Pq l» te ^^ U^ n) gtven 
fey : 
rNm* in (a / &fld <t)) i^^itpj^tQnl t^e mm tm 
jUtPuKia pairU«uliir jo^kj) ftod jftQ j^j 
m* eod miffloiciit oofidlUons for r*pil»rl%jr 
of «r« : 
(5a,2) l i « ^ - o , 
n <• «• In 
and 
• n pQ - K IB^ I - 0( jF^I), aa a - - , 
( 72 ) 
and ^ t for (f,qjj)-4raiiefcr« 1® - as n 
lAt oa «rit« 
(3.2a) p(a:> • a: p. * 
awo 
n 
una let tin Im the tmquowe of cnmUiista [o^^ ^  wmm 
of til© MoatitjT' : 
09 
( X® « i. c^ o , « 0, 
whoaovser It 2a partioal/art the relation holda 
« 
for |x| < ^ ISor mm 6 > Of wbflnwmr i p„ xr tmn a 
flP^O « 
pooir^ iire mdias of ooa»erg»mt aad p « p ^ o. In th« "o -^ o 
o&m in i^jlob • A^t k > Ojj • 
90 «r i t« p^ e to aftan th^t | boloage to th« 
o l m of Mquoaoo tor wbloh 
( 82 ) 
* KOomMAit:^  jsi] ijumwuiiita lam 
siifirioieasy i»art of a result ef imgrs (35] add tlh* 
following. 
A. ISms mi'Smn Z ^i/a®*^'' I s jCf , ' j 
ifor th is th«N»r«B rangti o t ^ mm oxteMod to ^ > - l ^ 
imAtivm! ( g.7]» Ttus&tm 2) gineraiiaed all resulta 
ar^ 0at£JitJliiili«Q tUe followloi^, 
pmatm B. if 0 £ p ^ at (at, intcgerfi), the owweej^ ry 
and tuffloititt oonditioai for £ a^ e^ to b« |C«p i 
wbonofiir t i t Mimblo iO|Q|« iir« : 
(i) e^ • Oin '^^ )^  mA (u5 a« e^ -
If p > a Of oooditloos aro aaaao ao in th« 
oast of p • a, 
OHOf [a] and plTj^ l^ lUHOfF ^s} staowod ttmt tbt abovt 
( 74 ) 
raeult ftl«o bolds traa for ooo l^Atv^ral 
[223 tmfi roocatty snyvrnlistd lutorta a for tlio onao 
p » o» Ito absolute Sbrloafll sunoabllity aad proved tho follovia: 
(1) i: lOjjl < t and ( u ) F* £ s 
13F0 
aeo^ oa^ ry and daH'iolflat ocaditloa iStmt i a^ e^ 
ahoald bo abaolatoly oonnrpnt ^mmmse ia mtsmt>%% 
[I.p^j, io Fjj • 0(1), ao n -
l ^ ^ t a D« If la Itioorftn B tho ooaditioa (ii) la 
dropped, tiko QonOitlon 
a - -
io aiiffioitat for th« alMKiliito oonvtrgoaot of 1: 
mmmaofF pm] oMamod ii»iio«ifig aa&io«»tt« 
tgp (i*Q||i«OQira»Ullitjrt wliioti lo a diroo^ gtiMraUvfttioA 
< n ) 
of a «p0oSa1 oaM of Soi^tlianta'a 
^^ ytot^ f s» If aeqottiXMi tm wioti 
ttspit • ^^ 
In tlio preeeat oliapter^  «»« eot^ tilish a oouple of theoraiao 
tiQTTQwgotMo^ to t!ii»8« as elatad aliove» for ^^ j^-iwtiiedt 
80 a0 to mt '^imrem 0»D im^ a pfirallol to Utooroa I 
an oaiieid* 
3.4 m provs tollowlog 
(U) t < - , 
(Ul) r ; . ? 
( n ) 
(iT) ? Oit^). 
toi^latteliteUs^ggKasi!-^nl&i&ssia 
^^^B ^ y w 5*lt llli ooa^itieii (Hi ) 
C^ r* » CD, ag tt « • 
BoaBorltg, na ia ms [22jt it 19 mailer man Ibat th* 
ooMitioft (f,4*a} io otrooipr f^n tlui oonditl^n (?«4«l)f 
twt ttioM ooMlftiozm ar« •<iaim1.«at ( i l l ) bolAs* 
9* foXlovlag iMoaa for proof of our 
^OOTiWI. 
liwp 
c r r ) 
1 a 
w i L ^n-ir % • 
1 a 
fOa? jgfiind (3.2.2), 
oof. ^ virttt® of tbM identity (3.2.2) w. baw 
1 for n » o : 
(3.5.1) S 0 
0 t&e a » 
S50W, ^  (3.5.1) 
a a V 
\ « i: 
a a 
• £ £ ' 
S 
3.2. J£ Uq - £ S^ ^^  a^ (n - l ,2». . . ) . 
I& t diiKas Bsassss* % agattasx ^ 
t E S t i & s M mM ^ mB&^^^irwom^ 
( n ) 
iBasxs: ^ Kl msssM^* ^ i k » 
l ^oof-ot m ^ i i a 5.1. 
1 A 
3|l v«io JL 
















( 79 ) 







£j • Sj • Sj, Mjr. 
( 00 ) 
m^f W oonftltloii (3«4»l)t fdiidli tieoow* 
to (3.4,2) vhoa (Ul) boldt* 
«• n-l V ^ 
I^l VO dF© U^ 
" I kJ^*^! ^ ^ I I j^n^l 
m 
imt* 
{ 81 ) 
X V # 
" i a C I % 
M A < I 
< K , 
tigr 
n m l l y . 
•• . Ji-i p*Q ^ 
( at ) 
VOO o w l 
^ f A K 1 i ^ t 
toe 
- K ^ < ^ ^ 3 i ^ ; 
aM ptmt of ouffioi^mj 
ia»o«eg4ly 2 Hsr (3.S.2), fior & ^  l* 
n p^q 
•iMra 
( 83 ) 
txtr 
t 
0 C* > «»)• 
r^ (• i a), 
l39Wf I^ EEa and ft mm&mr^r au«3 aaffloi»jili 
condition far ;: jeQ ftnl to ooBVtrusat a^ j 
n 
(3.6.4) I s I 4 X. 







r £ V 
a*t30« th« ooiidltioiMi {3 A A) iMioftst^ y* 
IglMjB* ^ r«Bar]Bid nAd la So^ t |22] \»th WM 
C 0 4 ) 
oocidltlonB aod «ro oqulmleat« 
e?oof of -mfj^gff 2*il» 40 •viaeat fro® tlai 
i^oof of the sufflolcaqy pfy?t of Bieorao 3.1* 
3,0 t^ lie folloarltiij oorollB-rlea -iro teedl^it© : 
ISi % > 0 t 
• '^^ Qa^  ^  A % B S SSBEESL 
and Buggloieat ii^j < ^lensw 
i'. la fiasa^ 1 If sfel 
a a 
mifi yitlda m rmvXt oorrta^ aoMlai;! t» Z-mrm E of 
?«ar»riQi3off, 
Qn > Im i^ • M « A Qn " ^ M fifo^aifflr 
St a 
( m ) 
fftar ottftinlc^  tbi« raault m c^ptal to a reault of 
Hialufla («•« [40jt mwern 22) nd^ ioli sti&tve thnt iik«n 
M 
fPai ® ^t* Oq X® ia abaolot«ly ooawrijent for 
Obaptttr 2? 
i ^ i i i m mim 
M^fMP jpt^ * acidtt on to nm 
iJufiM-tioiss aoa nQfeitioii® ot IHf ^ um ^m^ut 
following a&lstioaii ; 
- APu^ % (^ i i n) t 
o A|i 
: If a sariM i s mt 
mrnmbf bet ttm n ^ total wSa£ioii of 
< ®7 ) 
1« 9f w t a l f l ordtTf gay 
- I -
ivti«r@ a poaiUVQ lug miquoiio« thm th* 
masy mtm&X qadstion atIms tbat bow to obooso a 8«<20«ooc£ 
^ m tl3at the oci leo i unjr tw •oocmbXc jlt^tqj? 
la tlile dlreotion soTeral reaoarobins dlfforent 
for. ifs^ l^oBO snaaMlitor iwtteo&ii C-^®® p4jf 
Q.d^Bimm [27]i 4iil«]3 AJiMAD p ] B 
fuia^ ot kncwn ruBolte ( j 7 4 j , (at], [9asi]) f w 
«irtataii^ttd felloviag. 
A^  Idst > 0, p^ > 0(n - and let 
te tion«diiarea8ifig« If 
I . ..V. 
vilire [ % ] I'B ik a>ii<4eoreA0iiis 9«qiieiioe» and i f 
Hm eec^me la sooh tbat 
< 88 ) 
•lAi " a - o(%) 
(U) j: n ^  I A^ e^l < •• . 
thta ^ acrioii iiCml)"^ e j^ a^ ^ io mittmt>l« l^ t^P^U 
iOIAB (44] rcoeatty proired folloerin^ tbeoren 
B. <1^  > 0(0 " o»l»2»..,) and imlHj^ r. 
J ^ 1 V I -
[^ j^ l io a poaiu'vv aonofioaio Qoixiooroi&0ioi; 
am if tl^ s [e^l aod ij^  ti^t 
(i) Mft^ -0( ). 
( U ) Qftl A ( ~ ) I % I A^^x i ^ • 
(iU) je^ (q/q^) I A\ j < « , 
( 89 ) 
ttusn ttm o«ri«» r. i» snembl* |tfQg|« 
Oqt obileov ia tUxin ^ip^m tm do w^ sm a coiipXe ot 
amlogotte r«9wXts for 6h« mQ0t3& of tgjbiOli 
iijoltiaos Tbnorem A and B a® epeoial oasefi, 
4*3 ^^^ estabXieh the rollowlAg tfeetrmaa : 





£ 1 V I • 0 ( V . 
i t e t t& t iafesli^a isfflSftsis, ggagfsst* 
fiiia tiL M eaissB« [ ^ a ^ t s i l ^ l c f t i ^ l ^ 
(i) x^ e^  - 0(1); A Xn • l ^ S i i ). 
• mu oondltloa ia told iih«a p^  • all a ^ o. 
( 9 0 ) 
(ii) J^Qft 1 A ( ~ ) 
( U I ) r ^ I A^ e^j < « , 
Iffi^MUfe 2£ MElSg ^ V a l f t ^ 
M {Pn} e l (Qnj IB ESllive ffiigetaBfi 
la^ (JWl)Qn i ^ Oaf n A % " "(Qft)*. ^ 
'^ ilHL 
(11) » 0(1) • 
CiU) t — i K . 
^ - I A I , % , 
( I t ) I oC ) . 
OfH p r • ^ 
• oondiltioa Is T»|yd hImiji * all a jt 
( n ) 
l i n % 
r - 1 V I -
Ift t mMM a t s a ^ i mamm* 
M < " Oil) 5A»\j - 0 < )t 
fin 
Cii) ^ I iJStt i 
i u i ) r ^ Ajjl A^ 1 < - • 
to z ^ la EEEkM 
2t lo to t)« vol9iX ttia^ i t (1) Qu • 1 for all n and 
(i l) * 1 iov ftll a tlx«a o«r !ai«oroBi 4*2 iaolndds 
llMores A S^boorea B rospeotiv^ly* 
4«4 M mod fallowing l«as»8 for t!l:i« jroof of oir 
^smr^mt, 
f^tiffft 4«l ( [44j[»l«Hmi %)• U k ><>> IK. SaU 2 
( 92 ) 
sasS B a i i ^ v M • aaS 
^ c ^ I c^ - , 
tA^n 1 < • 
o^tiaTy the ^ ^ oonaitio^ m meoreg^  4»lf tt»n 
^ i I « 0(1). ^ 11 -
i f f i a U s m^&sm mm. 
IS^fiS^ ISL An* m ^ 
U) ^ I Aa^il I'fc^ 1 
(b) ^ I A«al I V l i t ; 
( 102 ) 
^ ao » - «• , 
ST f 0 I «m 
0(1) 
(b) » o»0 thftt, ao » « » 
- OCX), 
^ t^ pott&«ato aoA Imm 4«X* 
( n ) 
Co) tH that* ao SI ** t 
X ^ 11 I 1A ^X " V 
« 0(1) t 
aod tern 4«l« 
liMo co0®fl®t<i0 tfe© jroor of the lcaaj>a, 
gyp^ of glinwE'^ ^ Xi®t a©£o.t© tlm 
of th« oeriaa S^a .^ ijy definition 
I a , •a ii N ^ 
I n e 
a 'fHk 
{ 104 ) 
( . t o . P^q^-O. ' i ' ^ ^ ^ v i x 
^ applying tranefoiraitlQat «« I^ ITB 
1^4.1 
— . V 
^ ** »* * * 
i , {'if ' n ' C I *n 
I 
c n ) 
4 J . — t Y « 
so tb^t 
a HCn,.^ ) % 
n 
-
S I A««l I V ' I 
HA " r. 
( 9T ) 
r I A e . | (t^ y hypothtala (1)) 
laar appUoatlon of lanni (a ) « 
llsaet* tip« 
2 1 ^ A® J 
• 2: ^ 
flO •M . . . . o- Q ^ IC £ I I j * j (l»y fcgrpo6b«eia ( i ) ) . 
t 
W ttm mm 4.9(b), 
m have 
( 9 8 ) 
a "'n-l 
L r r I " — 
- n r.^  fe^^l ~ (V fcypottmiiia (i)), 




0iJ3Od m oannrite 
{4.5,a> - (t„ - V l ) - hx.2' %•} ' 
tSi«r«fore, in ordor tbat R ( t^ • t ^ j S t ^tmvm 
K 1 ( • If^tS). ^ (4.5.1) •ioai 1% 
aio«fl»iix!r mttiofnt ttmt 
I I i it • 
Shio torednfttta iroof of 13Mor«tt 4.1* 
^^^.fl ^ ^ SBToof of nmt^m 4,2, 
( 99 ) 
' f t * 
• If* ^ a ^ 4,1. 
awrefort, in ordtr th&t I | t^ - t^j^ | 4 X • tcr 
irtrtoe of (4«1«2}* it 1® stifflflitflt ^  «hew that 
aud i: I I i ii • 
« 
% % •••"a 
m tSlmtf as la ^ iroof of ftftornoi 4*1 * 
4K . 
tor hnvtlMM" obA 4.9(*) (o). 
( 100 ) 
Wmtf m bavi 
k 
by hypo^ houes aad iiirmo and (c)» 
fto? t wo 
d 
% 
ttr tgrvottiAMNi MOA Lwaoa 4«9(o)* 
( tm, ) 
we have 
t i l l ~ 
ft* 
- S K w l l t a " ! 
i z z jC , 1 (i^ (iv)). 
- V x 
£ ^ I ^^  rr^ I 
l^potb«990 and 4«9Co}* 
Ddo O0i|^1,ttt» {roof ot fh««r«8 
mmjm matnt mmmtLm wm^m 
Of 4 focmxER m m $ 
5*U fnfl I f f tWI tmt ^ ^ i a f i i t l t t 
wiik mqmim of p w t M immi* [i^ i ] • i<tt f « (s^) 
«ft ttnlvlx vril^  MpUx •liMMjit** fMa tiMi 
f ^^  ^ nutrii; naU&^UMlioii : 
l ^ t for ovtsy D • Aifiato 
%{» mimlx ^mmtvm of tho mq,mim |« o» m i o t 
s « aonmlod ^ tho olontslo of tuo aatrix f • I f 
lim • o f 
n «• 
ttio Mloo £ i^f tor tuo tfiQiioiiMi j^ ii^  j« is ooit ^ IM tmrnmim 
^ hMoA ( f ) , or oImirV to • (o %Oi«f 
fiaito)« Hm forloo £ i^t or «lio otqaosoo |« i« o»i« to 
IM H^O^OtOlr flWHNftliO <t)» or Ol^plr OMMlillO ^ ),|f 9T« 
( 112 ) 
gi¥»ii iM It ^ wMmmmtf Mft gnffiolMl 
IHiaiitlftA* flMf (f )«4P«tlfl4 VINPtlWt %M I 
(i) m ^mtfm^ l» •unli tlmt 
m 
Ki,iijl < K f i w i r 
(U) ifwuy kf 
m 
«Kij»i« f i« m X M «tt« iirfiliiiliir wIeSIa 
Xa If» 
• 0 ( k > » )f 
•HW ' a • • f t • ••• • fft l' tliii* kr 
( m ) 
( 9 « l A ) f ill* mm tm mirniA wimm ( m 
(Sfp^Hiiftttt s«flimt«A If flt^iiiaMi •f 
{9ii]t otai^lAiit mA M ooivtq^Biing tlkm%m%§ 
mam^M^ atilmi id»«olti«» XivliiiiA SBamOitUlgr 
i t tMUMttlo MHi^iUld' a i l M * 
•a,it • » a > f « r k 1 a • 
« Of tiKT % > a t 
^ft mm Co»a)'««Mui (smi go3>t fi«iUMr 
M a of «(« > Owjct |T| U Hit Aojme \ 
ittltiMl^la (Xi)f liitgMttila i a ttui atati af liiilNitiati 
a m fltlMittl laaa af gmMmUlr •• air aaMwt nmt 
Hm aaailaat ia ^ »»MiiMr wita af f (t) ia a m t 
«lMit ia* 
( m > 
<$.a.i) / f(t) t t « 0, 
fiiVtt 
{5»a.2) f ( t ) • K • m m ) • £ 
«pi ® " ml ^ 
HmUw tut fti^lmr airlAs of f 
IStto4$ISl4aS» o^mmnUm ^ iCfO ItannliiUtir t f 
litflrl^v ttpifttt in I996t bosaitquet | | « ] p p & f ^ ^ 
ttuims* 
SUmmi a* If • »v(0,m)» tlMiii ^ t AAt) ml " 
•I t • « • w w A l s (Ofttft iMP • m y « > 0* 
m x ga] l i r fi»«l tiaii I a 1999 ij^tOwt 
Mat^oiflllr « Mrim ftiMMti* tstttttiipitir ummm€ 
( lo i } 
wimmU •t mH*m Mtult (SM G ^ ^ I , s^etiott 
xm f * 8xm tn* foUonii^ immm. 
SeetoBB* I f t BY(Ot«) «B« [Vft]^* aoB^iAUW 




imn ttm mriMu ^^ mt % » % t l$t m^m^U liTyPnU 
On %)m ottioi* YmoAf uixm |(t} t m% •offl«l«a% 
to n^mm |««miibUll3r of im fwmimt mfUm «f 
nt t •• irnm o^f^fmmwm jloa] 
^ iniiiMiai* 
6« Xf #(«) t BT(0«ii), ttMII mrii$9 
OewBUslag t i i w i i k in miimv «lM«tioa» 1ft m t » 
s t m M mvmtm «MIO«MI fwr 
t f iwiMT w l ^ t * M to iatl««o nmmem c tflto 
i m > 
• • m M i l * 
If t B?(Ot«)t ^ m 
(ft^lW 
£ .,..,§ ftt t • X * la MMmflliU 
m { ( t t H V ^n] e Bf , 
attft 
( l i ) ISMi ffiacitmft 
Xfi umo |49] i inmUMA %tmvm imtwrn 
moiUm ^ ooaOiti^ii (i) and p m t a : 
»« XAt ^p^jtmA [ A ^ a ] ^ ^ ^ 
iii*itit«» soft n»iHUwi»Miiiig i»i|iiiaMtj| M Mt)* t > o» 
* pMlt i^ t ii»tt*eiws*lfls fiiaotioa •noli IfeMt { S ^ n 
Xi tut 
£ 
« Mt) i f » •MikMl iMMitiMI «lli« •MAItlAB 
i t i l i f l i i MiltMllattllir* 
( l o a ) 
Mt 
/ Mc/t) mw I < - • 
0 
F«R mm DDIMUNT 0 > O9 IM»IA« %II«II tm 
ttt t «• Xf i t 
f)i*«(M«« A ^ ttieii «e vftMx 
•Mpil^ill^* tHigr thft fdtli>«|lili I 
n lm%t m (11^) IM m imaoxu 
m 
Mtvlit •OA M a» ^ • M^^^ mo. mmm 
mx iw mmtr a ^ xr t nt<•,«)» «ii«a I9MI 
• i v i t * X At « « Xf i « •iWMirtiU tf It p w r i M t M 
• i l " 
Hjj^  Jfcii^  
I 
atKitwtaglag ttiQaiikMic v m niipMit to k* 
vitfei iNMv*«t t « lc» mm tkiit 
Ik iw»p*i«meim ii^iiiaM 
< m ) 
( i l l ) £ tiittii <£»!)•» ifVMf kn 
wf^l m 
t)m 9t ttiis c^ut^ Um Im to ii i imll.t& f l i i « m « D 
B« ^ MEttaftifig tlitw to tfbMlnto mtviic aon^il it jr , 
tlMi mimt of Ciiiiofo AHA tliooM iflrnvvm ?)• 
i t pxwm tho MlcmlJif ttioof««. 
BMMi Wi fm (ft^) If, f m^im iitcmif 
a 
tglftwIffliLiiiilrlif s a a i t l n r n i r m ^ • • i M 
H a l • I ftffl ffmar a > o» iqa ji^ii 
C • Btttimt 
k $ 
t« m>r<Nttrnael«g HflHHt rtti 
» 4 
( m ) 
WmStmBiLf i t i xU)f t > o» w ^ i^fi^ifn^ geieimisitiE 
fnmtioa 0mu Huit 
illLjKinE£ k > 
mx 
u 
r xcoA) i < - , 
ml 
i l t • s t l i j M M t t t ^ 
St t« M Ubiftt tut •oaAili^M (U) mat 
(H) lim l^f • lltlUMlMj tft^MIM 
* mm < i i i » i i l n 0t^mwm vftlAi 
( U l > 
t« t* 
9*5* i i vt^ttlam th* i » l l t 0 $ M t^^amn in* ttit fvtof 
«f ottv tlit«>i«« 
l i m ^ C GiaJtiMi a}« i f la ,f nftttrwiantt, 
^ b Ka-kH , 
taft a ( U [%je 
aai aaftiiMiifttaff wntatWHi illfti u t a i i t la ^ aaaft m i 
• if I M ift ft • o( ), Bfliamflar 
mm tlila it M1«mf» m^t •» o(l/tt)* 
9 ( M f i i M 4)* 21 
and iiaiiiaaiaailiiii 
U ^ m u ifliil i f o(Vtt)f i t ft aftifMtjr f«» n ^ 
( 112 ) 
4 ( 5 ) . u ait,.i.,ttiosflt«iiaii 
ftofl ttttafflflia«tjiila« n ^ m w i m g t m a l tttftft ttfti 
iiwmi ift ^t ssm 
a le 
tea 5 C eaJtldMi. 6). u 
a 
ifljMKtodwasSte 
^t f^it that 
U minfffiiaUfa aai mtkiimwrnAm illfa jBamtfll n^tm 
k < »• 
i C C4SJ4MM t ) . tt [ V H tfldl [•n.i.n^n.tHl, 
.a-a 
mm(m 
( U 5 ) 
L 
iMJummmmlJaaL 
mmf (MAMmtU j^iaMtmmsm 
Mm 
iilwiiNi • pl/tj^ O^t^r^-
d* I t gBf i OTgBlMT 
I 
JlPt 
Ht i n f V k ^ l ^ i t j: 
» 4 
1P» 
f r n J l c. 7 o , o ^ 
< m } 
«• tmnw 
m m 
4 u n 41: , 
l^ r JiiMi 9* 
Itiiir • iiirtii 
tm V ^{SiH • i A j ' ^ i . i - s ^ i j J I ^ 
( n$) 
mitlYi itt(i aaaiimiii lai ng^afltt t m 
ftwrfti It tf 
IP W ^ ^ ^ • 
mm^ iVn]^ c>0 , o <e<7]. 
ii # 4 a 
* V i . v • J L 
1 
c m ) 
m iMrti 
Hjr li^^Htifts ftiii l«twii f» 
• 
( t l f ) 
XiH mrnm wm «f m^vmmm 
id A # 
, -
• J L - " W • 
tlUUVtjCipil'i f ttH pMW Ifti^ IdliiQfVlif Hi WMA itUMi 
IMMMV ttW iQnFS'UMlSBSy 
VOM (»*»l)tI M I 
( U i ) 
• X I / •(%) «(»•%) I < - , 
Z]Sl»ipnitiai Itawi 
1 1 /•(•>«(M)i»l « I 
m% o i f l 
« 
/ il(a,n)iii 4 •(%) I 
"VIL # • 
/" x(oA) I | < - • # 
i t inffiilitwlt fiflp t«r »ei»Ws mUmmiw 
( U f ) 
fmr« < t < Uf 
«• % 
t I / l(tt,a) I • 0(X(OA»t 
jr l • 
91* lilkat i t tiMi mm 
& • ^^ W i H t ^ I 
• 0(X(0/%))» 
tts wmm zm «iid « • miaiB 
^ - I 
( I t m ) 
Vtmvimm* mrnm t9 i t 
tfMMi t M 
laeftftl j l t S t M U s 
iiM« 
^ • V t " J . ^ - • 





t ^ t c II . 
( m ) 





( m } 
t A 
* IP0 
% I H I 
•0 titaft* t^ ttofl ItissiiMi ImtA 
• t ' • ' X^^ •iiP c^,^  
• z A < ^ 
V 
i ^ w 
• "Sitlli® 
( m ) 
^ ^ hm ^m*^ 
• ^ 
** •iiiiMi 
( m ) 
aiiAt A f^tittf t»gr N^UMl^ Mnp^ tioii* «t Hm 
t ^ t A tS tiM H K 
fwo 
te 
X 2 liiiCiiiir^lH 
"SifSwi 
tliKli f(i3.Uii&iii Htm mm mm^alB m twt i^m ••li«i%« of 
lir l9y««li»ttc mA Mmmm % mA m tf^ittdm 
• ^ U ^ V a - r r 
•f tiM fh«t tlM* i^ ^n^^ • V>lf» * ** i U 
( m ) 
m 
m 
li^UUm ^ wtmf 
lawwl i i ( M t i n I 
H 
i P i m 
H.% • • • 
( m ) 
TiMmt0t99 iWf tim pmmi of i t ^nooili to 
- oaco/t) C« • If2f5»4) 
i i t« iivm llMiit« fiJNrtt m «§• litat 
£ i^l 
— ^ I 
( W ) 
€% z t — J L ^ 
( • i m ^ ^ » G( i ) ) 
£ 
24HKMI f ) 
^ i: X ^ • o(x(c/i»)). 
Hjr i^ rptttiMifts aaA XMHI Of aoA «Uiilfi»ljrf 
€K t t ' 
(•lllit • 0(1)) 
< m > 
tiirp0«li»g»« ftfift hmm % 




« » Hlmt 
w IN'TSPSI r 1 
P U I / » 
( m ) 
11 I 
* t hk-a-4. ' W l . B 
i E l ^ s ^ j Vo-rNi V « 
( t f w * . f w n > a m , 
<•!«• m tai^mmm 7) 
i K x ^ - oa(c/»)). 
< m > 
Ic 




i ^^t H • V V V 
i^mt l i t 
l^r ft ^ 2i t iHt 4 A4e )t 
a , W wm 
( m > 
(Hr T) 




{ W } 
Imm t ) 
i % o(x(oA)) J 
id pxif^ftl^ ••liiPti) 
t 
1 ^ V 
(l»jr XrfnaoMi 7) 
I K 0(3^(0/t» $ 
C t H > 
It 




X^v^ liiwiin 9) 
SiMMt «i hmm 
t^^j • o(X(oA)). 
fbit Mi tim* fttw proof of ^Mima 
f l 
fixmmm timmm wm 
l l g l a i l i t a t . t m ff^poit mrnum^^ 
ana mB mMmB «t m&mt§$Mm HM powmf mri^B 
p M • £ 3E®f p M • i 
HP*© 
!« i * di^n z m f wUh ^ git^aot pitrlifti 
M« i^a^i f «» t0mll mm ttm mUMititm t 
WJM) ^ i n <%\ 
mm 
• »(«> 
Xf mwi%9 oa of in oenrnftiil Ia 
te vigil ^ m i m m A and If 
S M t < « < « < I ), 
( %H ) 
Ktmm 1fti« £ mf tiui gtiiiitiMMi I # 
^ ii(^ Mitfi1»lr tmeitilji (^tp^)f m siMpljr mniSil* t^ t^ nU 
(mm (7]»&9j)« I t Miii « « IM mviaii^ W 
i9iti8Si)» ie ^ i f mri%9 ( 6 a a ) i « o o m r ^ s l t w 
e 4 s < ftoa i t tor 0 < o < € » 
{^tp^lt And foirk > if fuasfttliilitar moA MtPai^ 
mm ixmp^^sM pf mmlx &%tm (ef« 
la tin i s ^ i A l oat0«t In liiiiAi 
X 
** " rCtt+DrOfe i^) 
(ii) (I'Hi)"^, Ito a * o«t*8t««M 
(k ^ vMtMMiff MitiNitiwIy to tn* m^Mw 
MA Mft CM mm m» tiMi l i i w U t * 
mm mmivm wmtmiut^r mttM)* 
SMi§ Wtt WVitB 
( X3t ) 
t^t • * ^ ^ * I'll* ® • 
mai 
1 o 
flui ciirl«« ^ or Hm •t^ tsiaot t^yi^ it Mda to 
I Je i if f Bt^ • 
Ttm ^ l l^oA I t tpgl^ i i mm mi ]ftp,|l**oit)ioft« 
Aiiifit M a» urM 
ttaiBi i t t 
MlA 
( m ) 
fliiitt tlM mmmiUf^ t'fPtt^* k i U [i^j 
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O^ d ittii toUaillta ftl W l a i H M f i i i i sat 
BlLlMDcift 
zm^t Msft iiomm» s 
il<0' Bti^fifli gov himiU^mm^ 
(1929) f 294^96* 
f l t r a l m t f mmnfM 
C i * ) 
SmSERf t 
^ f j Sett on t ^ 
i W i itaftgn mm* 42(m7)» 
luHif s« • 
^ J Oft nm itoaoliit* Iwumeiilo tasuitoilltgr of Hit 
fi»tof*a ati^ ljitf OA i l« eixral* ef aofnr««pMt 
mm^p B^ M* 5 
(^J Oil of fosrltfif «ori««f teliil* 
w^mmtf s 
^ J nMaaA wmm^lli^f ItBit jfllflli ffttfri 
mills, r««« : 
mm «iitti9Uoiili«ii tmf HM iiiiiuii (mmm 
41 a m ) * flt9«8ao* 
C« ) 
^ HiMlttt* vtittteitf mA >iS#liuit vMtti 
ititmi tf Hlfc r » 
(^J flMtltt wir. Vf JtmrnlwnXf 1971* 
IflJ ^ t v U ^ msmnSitU^ «f ittfiiiili mtUw m « 
of i3Bm% larp* imMi^ili^ 
flm mmm%i%it3F W l#i^i«liiil«r of Hit 
iftififvA fmrnum ttrio^t ftMHTli f W i 
f N sttNoidimt^ (!»> of im AiffmutiAttA itiarlmr 
wrtw lititr I (eh I9(i9it), 
40-H. 
wmm^ aai ftAfiAZXt : 
§4} OftUMi m m u n of m Wmaeimf imrlos* 
{Ml} 
mmst^ t 
{6i3 ^ Kimmk m mmifmft imumOwmti^ im «a& i%« 
mtmMSujm** sf U950), 
SAsmit t 
p j fn* mxmtanu^ ( i ) of fmm» m»iM9 mm m 
Ca)t 13 dm) 9 atf«e34. 
SJJMf Bt«9« mi t 
f|ap«« imtW ftliSff' 
i i l l t t itmh 
gMf] nm wm a^UoAtioii 4ii« t^mtUn 
W a mittrrtUtt igtiiariai 
oBHsoisQoryt »« : 
( x i i 
I^J Ifflit mil M i M ^ I m i mm {«)» 
W { i w ) t 
Qnj tut il»«ol«t« emwitellily ooA^oiftt* 
af ft f«t3arl«r itrltiif l!eiia> 
Da ^ ilHM^ lttlMt rnsttxmA Bmsmxui^ ^t m fmM,w 
iii»i»«iiliaotitt« MMiaiiUlsr ^f fwsatUw mfUm 
%y n m i m mm&t im% ,iiiiai%ft,Atitet,. 
imt mwi^wlt 
On*] mmim $ «» ^ tikmum mfVam mmmUbiXi^ of 
m fmswimt Mvltiit 
mmtmU Otm» oMMMtoililor f « o t m of i«riii«t 
fnrUst Ullli milHteTM TiCl^it)* 
ftm ^rntum mnam^iWw ^ fmaUmi ^ 
iMTlnnA «MiUii atifcaJMIetoet 
0 « 
MtliHi iii«lMMMi%U«» tf 
0«ngi»tNi AMiviftHMii OolAvltftt 1911* 
I^J Oft mmUPt •iMHMtolU^ fmaimtB df iflfiailMi 
Ore] on in* m m r n u m tmitorw vt inrndli 
mTi%M l i t 
[79} Oil Hi* aai«oliit« iffiPNflliUt/ taotovs of if»fiall» 
tiu ymmJmiM mm* 75^* 
[^J BtiptUsr mtvix 
I^J ir»l4»i?«tiOlitailSiA ' i l ^ (tiiwoinH iiMiititaviniiti 
ORJ SiMRilAi^ ttSlwitiiBletoimK Hir KHMlist dviiflwt 
rnmnimmmm m m » t inllli WliBlg t 9» (l9H)i 
liiltnat itt IwiMitltlflT i l<*«t)iff* Bot»a itti1HM«iti«»» 
( S t f 
gH} 09; lOiieUlM iiBMiaiiU^ (ik) ot f ^ i i v mtUm* 
utiftfitiat 'Mw irexte* 1972* 
i^ptaiiiii 
l ^ j Oft pAh mmmUU^ fmHm of p&mv wv^m mA 
fmmim 
p Q on ttw «aiMiti«» tr f w i ^ H i 
44 (I940)t 
tufiZf ii#: 
{^J nm Q^wtsiim iwitboiSfti at 
mmmtiGth 22(1924)* 
HXOT, "h t 
aiBfilfff.gia ^ iimmUM.ma^mw.mA ^iolalt., 
y^ QMBHitllitg^  Aligart 'funliia Vinimmi^m 
A 0itmTaXimtion of i^ tmeilisottofioxKr mtmoo^w* vroQ, 
f^J Abfolutft ^ffltttta tiKvattliiUtiy of Fooyltv 
is^^mjmujm^it 6(1964), 
^ f t j flMi abnololM baxMHtd iOMbiXltgr of tiifiailo 
mei^ mt ustv^tmUt l^ goot awiitflifli IlitI lift ^afl ^ l a U a i 
ttl Mtitt telittii gamrtflg ^aifialiligaf 
{^J iKbaointo is^ tlmid tBaM^illtor * footoffoa fotivior 
a^OllttJtoUUJlBikee 9(1967), aa7«4t56* 
( m ) ' 
TjiMBi&Uitr iwt&ftfla flag auto AaaUgaUwMt 
BasiSi of t ^ lodiaa '^ oieooe aoQgi*oii« 
Atsootatloof 
fTUnGt-^ irj, G» t 
"Mm Oft Aae^ilii {XX)S On tin 
on TmrlffT toia atoiUlgr 
of ii@ri«et witb ooatftaat ^rast .. 4 m * 
(2). 1(1949)» 
I^J On ti^ cOsffoldtt oianaibilitjr faotorup :ddai 
(1954-) • 
fl^Sui 0, S 
lalgQflttiUofl ^ itM xaiMnr Plw«tiit.,.8fyliat 
mw Yoifie. 1952. 
p ] on too* intoss^l tmmttnmxUamt fiTOt frgaaon lifftte* 
( mu )' 
tmAummzu l 
^ooj canosvciiaiE « •iiffiei«ot oonditloA i>f Sldon t w 
i/m iolMgnOiillliir atri««t 
VAnmmtt u I 
teaUg^lMttt* aisiixti 'mxim rmvtriitjrt 
^oaj on ttm ^mX^U tmsmtdc ims^Uitiy of a mv$MB 
fouvittr iiftiM«f« wm* 
10(1959)* 
on ttm flibaolit^ mwlmnBi mmwitfiU^ of « fmaxiw 
ffilflii* ,Mataatif. 83 (1964)« 
[l04j OK mm m m u u mitrnd mmvitnu^ of m Fttovitv 
MA it« odftjocAtc «•»!••» 
15 (W9)» 
( * r m >' 
|l09j on ^ mmlvi^ •naMKbilltr of fwriint 
nmt mmrnmMtkt^.mi.* <2)1 zmjoA-^^ 
m m m t (rmatXatlon Dgr 5 
£xt«a9lo£> o£ titt fSDU0£i of tha l i A i t of to ftiaa of 
tm iaflalt® uttvltf, toWHuiUfemo 
ana XF/cuin, j 
atggjift itgi>liiltlfywtWfglM^ ^ ^ 
liyHttaawiWaftli f?fglit» i m * 
SUMMARY 
of 
0n Some inspects of Summability 
and its iJlpplication 
THESIS 
PRESENTED FOR THE DEGREE OF 
DOCTOR OF PHILOSOPHY 
OF THE 
ALIGARH MUSLIM UNIVERSITY 
Under the Supervision of 
Or. Z. I/. AHMAD, M. Sc.. O. Phil., O. Sc. 
Reader 
Department of Mathematics 
Aligarh Muslim Uniyorsity. Aligarh. 
BY 
S A T I S H K U M A R , M. Sc., M . Phil. 
1981 
/ a Q / i 
09 mm ABma$B m fmitmiiin Am its 
mmi<mtm 
immmi) 
M s lM» iui iaflaiti m»ii$« miVh mtivmw of 
p^it^tal (tn^* iM% B • OH )^ \m an infinite triasiftilav 
i i y j J t 
mt»ix wiHk m^aX or oo^ltx ^UmuHf m ^ tor tmwf 
k > timn 
(asui^ siE^ Qxislft for m%X3t n « 0«lt2«««,)» defines 
tht m%»i3g tfam^orw of mqvmtm ] » ox* ttri** 
I t>y thO ttltSltlltf Qf ^ B. 
ttm gMPl** E ft^t or SlQIItM is to 
fllbtolattlr mmeSaU W or oisQil^  mtmtn^ U )B U i f 
S^} C Bf, Hbmt U $0 «fiir« 
Mia i t io lAiA to b« tiMBaiibl* fs^ l^ t (Ml D* i t [B^l e 
( 2 ) 
ihot is to m9f 
m iDnth^ a { B i s tm m )# 
In ^ oaewt in n^ ltsh 
maa ao-^ ^me oi; oojuisants* rwal oj? 
eoia l^axt tt^h that 
B^ mAmmi$ to tt^ i i^otmli^sid no l^atia tsanfifonsf we 
(it« BORviJJXH ^3) • 
l^l* tbi iiMiMltiUtQP oitimd* 
y\ ) 
( 3 ) 
Xb poTtldtalar « (i) ^ ^ S ^ * ^ meluoA t t m s f m * "tt 'a 
(Itp )^««s«fMif«»faii dtfiiMA ^ S 
-L 
i t % S tf f^ral l a • aoa (ii) ^ ^ t 
i^ea m If for al l a «• Oftf2f •«* • Stten eorrei^iiAiiijS 
Zi«t > o» •laoti tbikt £ ** and f«diti» 
EPO 
<ioiRp«»iiao« of tkto prnm oirloo 
P<*> • ^^  % • pM •» p^i 
^ l« fboa m m^ll urn aotfttiooi : 
• IPO ° ® 
( 4 ) 
H^) ^ Jr J * ) • . 
• p(«> 
It Wm oa rigbt of (•) oof«r®r3«at fm 
O £ « < X, Odd i f 
%ia JC*) » » f ftaifi® iiEr!!^ i?)t 
X ^ImG 
tb«a ^ mviM9 z m^ ^ tBiO fleqa^tiod [i^ | in miia to b« 
ttjj^t 02* sett^aoe ^ t 4» to !>• 
aad « € yir(o,l) •» 
/ |J*C*) i&t < < o < l i C«»« &]# &]• 
o 
M ) 
moA it U to M •QwwibU l U it Vtm ttvitt 
(•) i« ooiii®tg»iit foF o 4 * < I , aoA »»^ Cx) e » 
• < 0 < 1, that Itt 
/ te < {mm AimD miA mmm [•]) 
( 5 ) 
mt mthM ^ "tm ^ tm 
k > U ^ liiitmtljr iiid»p«aa0at» 
iou mmAn gL73)* 
111 ^ q^aoiftl mm9 ia mtiioli 
r(ti^H) 
(i) p^ « , a > ^It a • 
(il) P j j C n ^ D ^ f o • OflfSf••• ^ 
the netboat iJfPal a^ft aoaoted by i^ cUl^ alk 
(i%I* (|g folate iAI mad 
tua 
mti'Mwi ftejt [8])| f m n [is], mtmn m& -mnm. 0i8], 
Mzkm |lt3)» 
2* Ltt f i t ) tM) a p«riodio fomftioa mitb p&vloA 2n moA 
intHigvatolt 0W1* C««fts)« £«t 
I ** ^ 
(a.I) • a • I (a^ j 04»« ttt^ bjjj^  ila at) • 2 
St flP^l 
lH» llii v»cuB>i«t Of f(t)« fbto nip«t &itf9mnn&M 
( « ) 
M i e a of^is giw^ ^ 
(2.2) t B 008 at ttw tin at) • £ a B 
apl ° ° opl " 
Fourier o^A it« dei^ iimd of f<t)t «t t • xt 
m m 
is s 4„<x) and ^ a aaa ulll deootod 
^ J' wiiuootiwly* 
^ 8ipit» 
-pCt) • f(« • t) « fCa-t), 
4 l i i y t 
ih(t) • i / «(tt) dn , 
* t o 
libofo 0 io % fluiotioA of s« 
5* l i ago foUotiiniS aotatloM 
( 7 ) 
% a 
^ n*X v-mt 
r^^ 1 n 
^ m I p . n J 
tt 
VI • T 
k--t> 
^ • j^^n^ ^ • 
^ « S - • 
A«ii • «« • V i 5 A® e^  • A (Ac^). A V A V v 
m Pn ^ -r/w • 
new) • Km " ^^ f 
• S ^ HniiftlftttBlHm* X i t m^^o^ 9mA I 
( e ) 
n^m a^^  ^  i« a of pocitiv* omiiMrt* 
4« oooidgttt of imtluainis « 
'oho t^&v Kbioii ootttalut *nolMit on a M oofiv«iitioiMi' 
f o U M d tbvoaglioi^ t tli0|iif« tn If la 
intvoduQtoxgpt btsidas sivla^ fartlwr ^/niiaitlom miA 
mMlemt m & taaimt of s^aolts 
imieti airttot iiittt»30xiniQU0& omr 
5* Xii C^ iD^ tei^  XX m psm^ %tm foltonifig tiisor«»« flbiOh 
^ oom ponding x«(Kttt« of AEMiU) 
u Ut p^ > Ot p^ I 0(a ) ana 
^ b» mm^immmaXm* 
» 
A - r • 
irtMiT* * ponlHirt iioii«dto«ea»liig giqeaiiioct Md i t 
^t^^ is •Ofill 
M t g ^ • o a > t , ft A • oci^). 
< f ) 
(b) tiMsv « •tqueocMt of atmAMirf a^^ ^ ^mxe^ 
iib&t %t i t t 
^ a % a^ < 2 % «a < 
i M 
{©) I At^l < Oft* a • 
tbaii mtU» rXn^l)"^ ^^ in mm^U 
Ltt Pn he t ^ tte^ in 2hmvm 1* If 
«tqti»im ^ tyob tMt 
log tt • 0(1), 
Cti) lUesw A of miiiNirt ^ mti tot 
i i i s ^vMwi^mt^m «i«h t 
s ft ft n^ < ••» log II < •« ^ 
n»2 " a p t " 
and 
<«> I A«ol 1 V ® • 
( 10 ) 
tutu m t mTinm iCaH)*^ ^^ i« 
t0it al l ffiXcmo of «* 
3* tbft ffftie as in Tbeor^m It 
F(«) l9 twti» Hn) € 
/ IF(«) ac • 0(t)» t ^ 
(ifid i f ^ o^tipfi^d ilbm mm QOs^Hom m in ih^ofvm 2* 
tli»tt tfee [A^ I of f^ojfiaj? crodffioitnts of Hn) 
tia© ^  mcit tb« i(ijrfl)*^  e^ ^ it 
l ^ t t g j f 4« lm% p^ ^ mm m in tt^^mz U I f 
/ lfC«)| o(t), « « t ^ • 
0 
Aafi if ^e^^ «fttiiifi9« ISift 0am oooaitiono as in t» 
thsa «ii« siQotm [i^ ^  of fwaitimt oooffioteatu of f M tui^ e 
i t oQanidiU itfp^)* 
( U ) 
^^yaf 3* Pn ^ ma» ao in ttieos^n l* If 
f ( i) « z a potior «trl«9 of the oot^ ipUx oUtt It 
•ttoli 
t 
/ I ao « 0{ jt l)t a© t - • Ot 
o 
aoft it e^^  I iatl^ittQ ttitt fK»ii ootiditioa« (MI lo fbeovttn Z$ 
tma iHm e^ j c^ ie 
Sa Chs^ tm* Illf a ootiplo of t!»i07emiii m a(boolatfi 
oomrctdooe faotore hem tmon Ql»taia»at v^oh ieiottido;, 
no a flpooial o a m ^ ^ tticcrtfaa of V'S (O^Oj* Thooiftmii 
fnhiU first « tbe^ ortm p&s&XtMl to f»folt 
of OTERITOFF go] (••« Co»olla«y I wfelob yieia» tislii 
f«»ttlt)» Tb* th«oro»» : 
'Qmsaam, ^^ iPn^ M matx that 
(i) Qii^x" ® 
(U) t tOftl < f 
UPO ® 
(Ui) • ? vJ • 
( u ) 
(lir) t liPxr^ ^ i^r-xt"' 
iihun t^ mH aoffioiottt oonditlon that ^ ^  
i « 
ll^flyfi^ 7* In 0f if tm ooMitioa (ill) is 
dtpopptat ^ea th® eoaflltloa « oCli# a® n t 
inTfiol^ni for ti^ oonvsrgem of e^ 
Corolr^  1. Let {o J be rmch th-^t q^  > c, = 
-nd ^ :-cccsc:iry z^u •f?.cl^:rt ror ltion Lh. t 
-'ncnevcr ^ a ic -u .uoble I c I, r.r: th-t € =;(r / n ' ' -r.' ' r n' n' 
7« Gibaptexf w tmo b«an d«vottd to elitAlii folXowins 
two ^ hffo^ m* foi" fttotora of Si^ iidtt 
•irloof tiM fMK»oM of ftxioh ioolodot a oaotf 
oor««ia sooolit of MiMd ttM07«?a I) aoA kiim 
MHBHI Ip^l • t>0 poBltlvo flocuoaoto •uoti 
tti^t (»n) ^ i X ^ and 
Tbsem^ixt t tfonotoe an i^nolato QoMMmt«ao% noeoooapiljr 
M M i mt oooh oooomnM* 
( 13 ) 
t i 
|il(a»|i)| 
(i) £ 4 ti 
mii 
[a^^ i» a positift mm^m ooa^ei^aelai mamtm^ oad 
if nm mqvmm B^ [©^  J aaft j ikkiIi t ^ t 
(U) W e ^ i o a ) . (ii)(t>) A ^ " 
% 
(4^) I 3a lA® Cjg^ l <«•• 
ftott Hm isna iQffiQi«ttt oonditlon tow i^tPatQuh 
mmmbiXt^ of ttrlwt i» tlmt 
i x ^ ^ • 
iMlifH ^ ^ ^ ^ von^tvm todh 
( U ) 
in) Iffii • 0(1) t 
'tk 
If 
tUi> i H f 
(it) o( — ) 
i^ort l a pooltivt «iQUdaoet ood if 
(•) U) eg • 0(1) . Ct») A • 
(ni) J ^ % x^l A® «* i < - t 
( 15 ) 
mtitm - S mmmu 
a* Ohs^ ttfsr f e^tmrm wltti pTdblsia of aljsolctte ts&tslx 
ftuersiit^ilit^ taalor* of a fctmim «tri«o« #« ttie 
foXlemifiK thee-^ fm libleh i^m tbit of 
{utiio!:^  i i m mmmlimtim of n waolt of [as]) 
in IStm mm mam^ m mnd liota jgonsTAlia* m 
etti«f f t e i l t of Sim^ (•»« 
10» Lot f o ^ J?«jular i&fltilto 
n 
u n w t t l i f wiigiii aiBfl„,kif..at„ig4H ^ ^ ^^^ » bb& 
Miaai.ttefti « ^ m m u » ^ o> aaa,tel 
(it) t^tfk ^ ^ poiitlvo ioqtitaoo tiioh 
•kfO * •OQQoaoo tiilli 
<iU) l i 
21-4 
t V ^ f k • •iitlcH 
n m ^ W i U t g m<imtm ttilH svopoot %o kf 
is « wtk-mm^^'^ 
( u ) 
(if) * J m ^ f ^ w m i m mqmtm 
with to k* 
Fwe^i-tf %»% X(t)t t > 0# ft pOfiitiYt QOQodAQlMt^ Wil^  
fiawtioa tSmtf U> a • o C ^ t {!>) ^^ ^^  j in 




J X(o/t) Id 0Ct) I < «•, 
0 
ftt t • « t 0»mal>U it I* 
It i« t0 notad th^t tlM oooditiooft (ii) ftad 
toftttiiv ifliply that * i» Ilk aoa i^novtftdins cir!iitnoft* 
C ) 
hiyip-eZ ;k k-' 
^ following iHsmortm hmf prmfl* 
m m u u . II, for S a; i: m iSfPak* 
e BT^ t if i» tbat 
B pn 
. (i) •mw* < o'* a » 
k 
» for w ^  It 
(ill) ( I.... \ I t for w > l|t 
S IV 
12« If for 1$ ^ If Z i« iiifSiaiilklo l^ tl^ nlnf 
BV^ t «tt« if Miftinfioo ^ mm oooditioiio mm i * 
^ ' ail no i^tiiwi ooctftasl'* 
t miii oonAitioa i« void Ito k I* 
( 18 ) 
Thoovam 1X9 witib oozkLition ( i i ) by t!h« oonaitioa 
Cii)» aisifoamlr Ssin i t > U 
Pfi ^^ » 0 C } , 
Xft ^TP it ^t 
QM if pjj i t a poPitiv«t mB-toJcss^ln^ «B.qat«io®p 
o^iftf^ j^ . H* 219 for ^ ^ If ffs^inoble j^ tPn i^ t^ 
• Tj^je aaa if [^ p^ j^ J satisfl®® ea8» oooditiottg 
in 9tMto««ii l i t ^ % iOfO 
g^ f^tMWi fMP k ^ I, ^ ^^  gacTf^U * 
^^  ^ ^ * ^ ^^ ttie om oonditlAiis 
fti in tlMoi^ is 11 and forta&txKOvii 
X n V 
(lir) ( ir* £ ) i t I>©ep4»« f w x > l.» 
( 19 ) 
£ i f 
It txi m M Timemm U im m ifiproveaiftiit f/w&t 
m of ( g l j , I) alia me a pttrtioolar 
Mn It «• a mmU of mi& C &],fiiiio«f»«si I ; 
thi« i t tm i w ^ ^ t k t i;ptiin o. mmi% of mmD asa aAKia j^j 
tifjilo l^ oxtRSii IS ^^ oonaiUoit* v i^oti sam 
eaior to uppl^  ^ 1.4 aafi are d a^uotd tmm ttioona 11» 
It im to not® tliii^ ^m^mM Q&f^ T hol^ 
ttiO oases of C^ X < e ^ o) ««sd 
uelUM tbfirose^. Xt &lm> oontain 110 ^toaaion for 
|A|j^tho<lt of a mmlt of tmw^ il3]» 
lOm flsvtertti s^ WsM tftut oo«tiiki<{UK ^ 
foUo«l&s tfeocYom on Utp '^-mmnifiSsiiXity of fo&viov 
•»rl4iSi uMi&h i« ft fC!]itx«li8fttlo» of o vtcult of HASDA ana 
DM ( 0L9l, mwfwi 2). 
U* SlE^llt tiMit S (i) tuo tsquoooo ^ j i« 
of iMimM fwPlAtioa ««& ttiAt 
( 80 ) 
Hi) i» an ftt e < ft < I9 9mh m&t 
at t . 
n hM 
/ do o ( pil^^Vh C t o)« 
t a 
tt^n floriMiii '*!* {fjjg^ 1« iceKsQ^ l® («7fPii) th® aim 0» 
< n ) 
g,] contributioasno im '"tody of i»}«olate 
in,. I. (6), 






( l l j l^aii iJMMIAt COsf«NI)t 
^.^.^iiKip* 
C u ) 
gi4j fi. EAanfi, mmsuimum> n m u ^ ^ ^ f . 
[16] mm Mf^ fliffl IWAffi-^'^'^^^'^^r 
99 - tlO* 
fi?) 2o(im)»i*8. 
(i©3 and im.* 
123 • 155. 
^ I j ntQ&i»m on m t An^ o^ete ot M 
rnmhiU iaMttOilUtisrf j't*!). thssitt AXig&txi^  
ga] Jttay^ 9<X0e?)« 
§93 ^ • O t f M l ^ t m Bmm ^noXcitd taatf^iU^ 
Hiatll* I9d0« 
